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THE FRACTAL SCALE-INVARIANT STRUCTURE
OF A TEMPORAL HIERARCHY IN THE RELAXATION PROCESSES

Abstract. The phenomena of elastic aftereffects during loading/unloading of viscoelastic and capillary-porous
bodies, relaxation of their stresses is accompanied by the energy accumulation and dissipation to be taken into
account in the theory of oscillations which also considers the behavior of materials when the force is applied to them,
the elastic aftereffect and stress relaxation forms ostensibly opposite energy processes that’s why the main problem
to one is to understand and discovery laws for such aftereffects. The goal of the research to show that the distribution
of relaxation time in viscoelastic and capillary-porous media may have a scale-invariant structure and that the
indirect confirmation of the scale invariance of relaxation time hierarchy can be the principle of temperature-time
superposition according to which the experimental relaxation functions obtained for different temperatures can be
combined with each other using the appropriate coordinate axes stretching. We used methods of viscoelastic theory,
fractal analysis and methods of mathematical physics. So, in this paper, an attempt has been made to harmonize both
these theories and numerous experiments on the destruction of materials described in the academic literature. It is
shown that the hierarchy of times determining shear and bulk relaxation in viscoelastic/capillary-porous medium has
a fractal structure and it was observed that the presence of time fractality eases the modeling of
viscoelastic/capillary-porous bodies resulting in the universal relaxation function of a rather simple kind.

Key words. Aftereffect, internal friction, viscoelasticity, mechanical models, elongation ratio.

Introduction. Hereditary properties of materials have long been studied by experts. For example,
faced in 1920s with the fact of elastic aftereffects, the academician A.F. Ioffe [1] described the above
phenomenon as follows: “... the result of the effect of this force on the body does not manifest itself
entirely at once. For a long time, exposed to a constant force, bending, twisting, tensile it continues
becoming gradually weaker. Each effect leaves a trace which can be noticed after a long period of time as
the reasons of its emergence disappear. There is something similar to the body’s memory experienced in
the past”. In test machines, the load decrease and keeping the deformation unchangeable is made
automatically with the help of special electronic equipment. The water is used as load in such tests. This
allows a smooth stress decrease [2].

Turning to researches for energy dissipation under load, i.e., for the theory of internal friction, it can
be found that some theories are based on the dependence of oscillations friction on their velocity, other
theories are based on the amplitude. Some research papers are based on the M.M. Davidenkov [3]
hypothesis. According to it, the energy in the conditions of oscillations application depends on the
amplitude and does not depend on the velocity [4]. E.S. Sorokin [5], author of one of these hypotheses,
carries out a detailed analysis of research papers on these issues. On the basis of his table containing the
comparative characteristics of various theories, he made an important remark that the theory of internal
friction is poorly consistent with theories describing the hereditary properties of the materials [6-9].
65
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Moreover, the following tendency is observed: the better a theory reflects hereditary properties, the worse
this theory is adapted to describe energy losses due to oscillations.

The goal of the research to show that the distribution of relaxation time in viscoelastic and capillary-
porous media may have a scale-invariant (fractal) structure and that the indirect confirmation of the scale
invariance of relaxation time hierarchy can be the principle of temperature-time superposition according to
which the experimental relaxation functions obtained for different temperatures can be combined with
each other using the appropriate coordinate axes stretching.

Materials and methods. Modern technological processes control often requires the modeling of
relaxation in reophysically complex media (viscoelastic medium (VEM), capillary-porous bodies (CPB)).
Such media are encountered in the production of a wide variety of materials [10-15]. They are extremely
important in processes related to oil extraction and transportation [16-18].

Relaxation phenomena in rheophysically complex media are related to the slow development of
processes regrouping structural units of different scales. These processes result in deformation changes lag
behind the stress change (hysteresis, elastic aftereffect, stress relaxation, etc.) and can be described using
the model of elastic bodies with internal friction and viscous bodies with elasticity [10-12,14-15].
Mechanical models of viscoelastic, capillary-porous bodies are helpful for understanding the qualitative
characteristics of relaxation phenomena, but their application to the quantitative description of real
materials requires the construction of very complex systems consisting of a large number of different
springs and viscous elements [19-23].

This research paper shows that the difficulties mentioned hereinabove can be overcome by specifying
the structure of time hierarchies which determine the relaxation in rheophysically complex media [24-27].
It is shown that the time fractality allows to simplify the description of relaxation processes resulting in
universal relaxation functions of a rather simple form in a wide range of relaxation time [28,29]. It is also
shown that in some cases, it is possible to use rheological models with derivatives of fractional order.

Results and discussion. The stress and deformation in viscoelastic and capillary-porous bodies with
respect to time. It is necessary to add to the known formula (Eq. 1):

o,=E-¢ (1)

the component taking into account the temporal nature of the stress change (Eq. 2), or (Eq. 3):
o, =E-¢-exp (—%), (2)
a=E-s+E-e-exp(—£)=E-8{1+exp(—£)}, 3)

where o — body’s general stress, £ — stress module, ¢ — elongation ratio (deformation), # — time counted
from the moment of the load application, 7 — relaxation time.

Elongation ratio (deformation) in the conditions of load application (Eq. 4):

[

=— 4
E{rrexn( )] )

After unloading, the maximum value of elongation ratio is as follows (Eq. 5):

_ 9 o _ M ka
o= E-{1+exp(—%)} 2E  2E- [1+exp(——)] (thi+ ] (5)

The value of ¢ allows to determine the current value of its elongation ratio after unloading in time ¢,
i.e., to take into account the unloading aftereffect and thus (Eq. 6):

e(t) =¢y-exp (— %) = E th[ ] exp (— E), (6)

where ¢ — time running after unloading.

Example 1. The steel wire stretched and rigidly fixed. It is necessary to determine the stress
relaxation. Sample data: elastic module £ = 196 333 MPa, relaxation time 7 = 168.2 s, elongation ratio
&£=0.001 (table 1).
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Table 1 — Calculation results of the stresses occurring in the wire and depending on time, i.e., relaxation of stresses

t,s o, MPa t,s o, MPa t,s o, MPa
0 392.627 200 256.12 1000 196.66
50 341.89 500 206.26 2000 196.13
100 304.60 900 197.08 3000 196.13

Example 2. The steel sample was stretched to have the stress ¢ = 300 MPa, module of elasticity
E =196 333 MPa, relaxation time 7 = 168.2 s, the sample is unloaded at the time ¢, = 1000 s. It is
necessary to determine the value of elongation ratio depending on time. The formula (4) allows to
determine the value of elongation ratio in the conditions of loading, the formula (5) allows to calculate the
unloading moment. Varying in time residual deformation can be found using the formula (6).

Knowing &, one can find the residual deformation &csiduar = €- using the ratio (6). If the ratio (Eq. 7):
Er

—=0 @)

€o
is specified, the period of time (¢*) can be found, then the residual deformation will be (Eq. 8):
& = 0+ & (in periods 7). ®)
The results for viscoelastic and capillary-porous bodies are presented in table 2.

Table 2 — Results for viscoelastic and capillary-porous bodies

G t',s c t', s G th,s
0.1 2.303t 0.0001 4210t 108 18.421t
0.01 4.605t 0.00001 11.5131 10710 23.0261

0.001 6.9081 0.000001 13.8161 10712 27.631t

The energy dissipation process when oscillations are applied. The equity (3) which explains the
phenomena occurring in the material during its loading-unloading should be used to describe the process
in viscoelastic and capillary-porous bodies. Thus, there is a relation between this dependence and the
theory of internal friction given in [30-33].

The effect of time on the results of experiments on the tensile of viscoelastic-type materials and
capillary-porous bodies. The changing of the destructive stress in time is expressed by the following
general formula (Eq. 9):

0= 0y (0 — ) exp (), o)
where o; — ultimate breaking stress at the time ¢, where g, — ultimate breaking stress at the time ¢ = oo,
t — load application time, 7 — relaxation time.

Relaxation of stresses in viscoelastic and capillary-porous bodies. Generalized Maxwell model.
Considering the generalized Maxwell model representing a set of parallel connected chains composed of a
series of sequentially connected springs and a viscous element. The rheology of such a body is determined
by the known relations (Egs. 10-11):

g = Z?lo=1 Ons (10)

en =) + 62, (11)

where ¢ — body deformation, ¢ — stress, o, = Ej, - 87(11) =n,-D- er(lz) — stress, E,, 1, — spring stiffness
and viscous resistance coefficient of element n, e,(ll), 81(12) — elongation of the spring n and displacement of

. d . .
viscous element n, D = ~; — operator of differentiation.

It is assumed that the values E,, and 1, are determined by the scaling laws having the following form
(Eq. 12):

Tp =To 1Y, (12)
After taking the logarithm (12), the following formula can be obtained (Eq. 13):
InE, =InEy, —nA, (13)

Thus, the time-scale invariance should linearly decrease at the same time as # increases.




News of the National Academy of sciences of the Republic of Kazakhstan

If TL — (A — o0) then asymptotic behavior of this integral is easily determined using Laplace
0
method that leads to an expanded exponential law (Kohlrausch law [29,34]) (Eq. 14), where (Eq. 15):

(1) ~ exp[—(t/T)V/*D), (14)
7= (19 -27"/v) - (1 +v HV O+, (15)

Thus, the scale invariance of relaxation processes substantially simplifies their description and allows
to use a rather simple universal relaxation functions having the form (14). It should be noted that the
relaxation function with an exponent equal to (-1/2) can be obtained using Gauss and Bueche molecular
theory of viscoelasticity [11]. However, this theory can explain neither the exponent value deviation
(which is often observed in practice) nor the origin of the relaxation functions (14). The scale invariance
of the relaxation parameters distribution can serve to explain the principle of temperature-time
superposition [11] which can be expressed using the following dependence (Eq. 16):

P[k(T)t] = k1 (T) - o (1), (16)

where 7y — some characteristic temperature, @ (t) and @,(t) — relaxation functions at temperatures 7 and
To, k, k1 — coefficients depending on temperature (Eq. 17):

{k(To) = k1(To) = 1}, (17)

Figure 1 presents approximation results of this curve, parameters of which t and 8 were determined
using methods of the sensitivity theory [35,36]. Apparently, the stress relaxation curve is quite well
described by the law of Kohlrausch. For this curve, the parameter /5 is equal to 0.5.

G,
1.0,
0.8
0.6
0.4
0.2

: — ; . 1 10%
8] 0.7 1.4 2.1 2.8 3.5 4.2

Figure 1 — Relaxation curve approximation

Rheological models of viscoelastic and capillary-porous bodies in fractional derivatives. A
viscoelastic/capillary-porous body which can be given using a set of sequentially connected Voigt bodies
(chains which consist of parallel connected springs and a viscous element) should be considered now. The
stress (Eq. 18) applied to a body at the time # = 0.

o =0y - h(t), (18)
Then the deformation rate is determined using the expression (Eq. 19):
De(t) = 22+ 0o Tive ;- exp( = t/7y), (19)
By determining the relaxation function ¥ (t) as (Eq. 20), the following result is obtained (Eq. 21):
v ={De - %} /G, (20)
o (1
V() = T () - exp(— t/), @21)

Thus, the time-scale invariance leads to the need to use rheological models in fractional derivatives. It
should be noted that such models are entered (on other grounds) in [10,12,35,37].

Relaxation processes in viscoelastic and capillary-porous bodies in conditions of bulk deformation.
Considering structural units as viscoelastic elements, the mechanical model given in Figure 2 is proposed
to describe the bulk relaxation processes. For this model, the value Sy characterizes the instantaneous
volume compressibility of the medium and the values E,, 1, (n =1, 2, ...) describe elasticity of
structural units and viscosity forces that counteract their movement.
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E B
ap

m 2

Similar to the previous cases, it is easy to obtain (Eq. 22):

—8V(£)/Vy = fo - 6p(t) + [ 1(t — E)DSP(§)dE, (22)
where 8V — decrease of medium volume when the pressure is increased by value 6p, V) — initial volume,
Y, (t) =pB"- Z%OﬂEi -[1 —exp( —t/ty,)] — relaxation function, 7, = 1, /E,, ' — quantity determining
the volume changing due to the displacement of the structural elements.

Having differentiated (22) with respect to time, the equation the viscoelastic medium (capillary-
porous body) state is obtained (Eq. 23), where p — medium density:

—-Dp =By Dp + f, ¥(t = ODp(©)dE, (23)

Thus, the pressure curve should be straightened in coordinates (Eq. 24). The inclination of line can be
found with respect to y .

v($)=mfzu-1}, ms, (24)
Equation for relaxing liquid motion. If the motion of a relaxing medium in a pipe (capillary) of radius

R is considered then the rheological equation of the medium is presented as follows (Eq. 25):

ov o
_w_g .p~x.2%
pras +a-D Py (25)
where v(r, t) — component of velocity along the pipe axis, o — shear stress, 7 — viscosity of medium.
By averaging (25) over the section of the pipe, the following motion equation can be obtained within

the frame of the quasi-stationary approximation [38] (Eq. 26):

po-{%—f+2aw}=—{g—z+a-D‘X-%}, (26)

where w is average cross-sectional velocity, 2a = 8n/(poR?), Z—i is pressure gradient along the axis of
the pipe.

As far as is known, the filtration equation can be obtained by throwing away the inertia term and
taking 1/2a =k /n where now w is filtration rate, k is permeability of the porous (capillary-porous)

medium; then it is easy to obtain [39-43] (Eq. 27):
’ 2
Dp+py- DX Dp=r(D*-D+1)-(35) 27)

where k = k/n™ - 8, is thermal conduction coefficient, m is porosity.
Algorithm and method for calculating residual deformations in capillary-porous bodies/materials. The
following diagram of the capillary-porous body deformation (figure 3) will be considered.
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£,

o= const 1 oo=0

0 t t* g
Figure 3 — Diagram of capillary-porous body deformation
The provided below table 3 shows values depending on 7.

Table 3 — Values depending on n

N (tn - tl)
T
10 2.303
10? 4.605
10° 6.908
10° 20.723
10" 23.026

Consequently, CPBs residual deformation is practically reduced to zero (decreasing by 10?°) in about
467. Thus, if the flow of visitors to the museum (which has pictures modeled as CPB) creates during the
visit time ¢ = ¢; the load (temperature and humidity) applied on pieces of art and eventually leading to the
deformation of these masterpieces then, after visitors leaving the room, their “deformation effect” on
pictures practically falls to zero in time interval t* = ¢; + 46t where 7 is the relaxation time (average) of
CPB located in the museum’s premises.

Conclusions. Thus, the distribution of relaxation time in viscoelastic and capillary-porous media may
have a scale-invariant (fractal) structure. To confirm this, the spectra of relaxation parameters obtained
during experiments carrying out the stretching of polystyrene samples are given in the present paper. It is
shown that the indirect confirmation of the scale invariance of relaxation time hierarchy can be the
principle of temperature-time superposition.

The present paper shows that in some cases, time fractality can lead to an algebraic relaxation law
and, thus, to the need to use rheological models and state equations having fractional derivatives. It is
precisely fractional derivatives that can be used for modeling, in particular, bulk relaxation processes. The
derived equations of motion of relaxation media in tubes, capillaries, porous media which take into
account the time scale invariance of shear and bulk deformation processes are given.

10.B. Yosniok!, JLA. JIbsuenxo?, ¥.0. Upanos®, H.IL. Iugex?, O.B. Open®

'Ykpauna ynTThIK 6HMOpECYpC jXoHe TaOUFATTHI Malinanany yHuBepcuTeTi, Knues, Ykpaunna;
2V KpaWHa YITTHIK GHOPECYPC KOHE TaOUFaTTHI alIaaany YHUBEPCUTETIHIH
«HexuH arpoTeXHUKAIBIK KOJUIEIDKI» OKIIayIaHABIpbUTFaH OenimMieci, HexwH, Ykpauna;
3YITTHIK aBHAIMSIIBIK yHuBepcuret, Kues, Ykpanna;
4y1<pa1/1Ha VITTBIK I€JArorukajibIK FbUIBIMIAAP aKaAEMUSCHI, KI/leB, pral/IHa

PEJIAKCAIIUA YAEPICIHAEI'T YAKBITTBIK NEPAPXUSAHBIH
MACHITABTBI-UHBAPUAHTTBIK K¥YPbIJIBIMbI

AnHoranusi. TYTKeIp cepmiMIi JKoHE KBUITYTIKTIK KEYEeKTi JeHeHI JKYKTey/’KYKCI3IeHIipy OaphICBIHAAFHI cep-
MiMAI COHFBI ocep KYOBUTBICHL, KepHEYiHIH 0oceHaeyi Ke3iHAe KYMITIK ocep eTyle Marepuannap OeTalbIChIH ecKe-
peTiH TepOeric TeOpHACHHIA Aa eCKepilyl THiC SHEPrHsHbIH )KUHAKTATYbl MEH MUCCHIALMACH OpbIH anagsl. Ockl-
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JIapFa KaTBICTHI CEPIIMAI COHFBI 9cep MEH KepHeyliH OoceHaeyl Kapama-Kapchl SHEPTreTUKANbIK YAEepiC TyAbI-pasl,
COHJIBIKTAH JJa MYHJIaFbl HET13r1 Maocelie OChIHIAl cangapapl TYCIHY MEH 3aHJIbl aHBIKTAy OOJIBIN CaHaIa bl

3epTTeyAiH MakcaThl — TYTKBIP CEpIIMII JKOHE KBUITYTIKTIK-KEYeKTi opTaiapia pejiakcalys YakKbIThiH Oeiry
MaclITaOThI-MHBAPUAHTTHIK ((PpaKkTangblK) KYpbUIbIMFa ne 00Jla allaThIHBIFBIH KOPCETY JKOHE TYPJIl TeMIleparypara
aJIBIHFAH PeJIaKCAIMSHBIH 3KCIICPUMEHTAIbI (YHKIMSACHIHBIH KOOPIUHATA OCHTEPIH COMKECIHIIE CO3y apKbUIbI Oip-
OipiH OipikTipyre OOJIATBHIH TEMIIEPATYpPaIbIK-yaKbITTHIK CYNEPIO3UIHS MPUHIMII PeTaKcalys yaKbIThl HepapXus-
CBIHBIH MacIITa0Thl MHBAPUAHTTHUIBIFBIH KaHAMa TYPJIE PACTaUTBIHBIFEIH KOpceTy. TYTKbIp CepHIMIUTIK TEOPHUSICHI-
HBIH oJlicTepi, GpaKTangsl Tanaay jkoHe MaTeMaTHKaNbIK (H3KMKa 9icTepi KOJIIaHbUII6l. MaKananaa ocel €Ki Teopust
MEH aKaJeMHSUIBIK d/1eOueTTepae CHIIaTTalFaH MaTepuaniapAblH Oy3bUTybIHA KATBICTEI KONITEreH SKCIICPUMEHTTEPIi
YHIIeCTipy 9peKeTi jkacalbl.

PenakcallMsiHBIH yaKbIT HEpapXUsACHIHBIH MAacIITaOThl WHBAPUAHTTBUIBIFBIH TEMIICPATYPaIbIK-YaKbITTHIK
CYHepIo3ulys IPUHLMIIHIH JKaHaMa TYpAE PacTalTHIHABIFBI cunarTangbl. OChIFaH call Typsi TeMIepaTypara
QJIBIHFAH PEJaKCalUsIHBIH 3KCIePUMEHTANIb! (DYHKIUIAphl COHKECiHIIe KOOPANHATA OCBTEPIH CO3y apKbUIBI ©3apa
OipiKTipisie aJaThIHIBIFBI KOPCETUII.

Tyiiin ce3mep: COHFBI dcep, IIIKI YHKeNiC, TYTKBIP CEPHIMILUIK, MEXaHHUKAIBIK MOICIbICP, y3apy Kod(hdu-
LUEHTI.

10. B. YosHiwok!, JI. A. JIaueHko?,
Y. 0. Upanos®, H. II. Jlugex?, O. B. Opeun?

'HanmoHansHeIl yHMBEPCHTET GMOPECYPCOB M IPHPOIONONB30BanKs YKpanHsl, Kues, Ykpanna;
2060co6aenH0€ MoApasaencHue HammoHaIsHOTO YHUBEPCUTETA GHOPECYPCOB
Y TIPUPOJIONIOINIb30BaHUs Y KpanHbl « HexXMHCKUIT arpoTeXHUUECKUi Kosutek», Hexun, YkpauHa;
SHanmoHanbHBIN aBUAIMOHHBIN yHUBEpCUTeT, Kues, Ykpauna;
“‘HanuoHanbHas aKajieMus Iefaroriyeckux Hayk Ykpaunsl, Kues, Ykpauna.

DOPAKTAJIBHAA MACIITABHO-UHBAPUAHTHAS CTPYKTYPA
BPEMEHHOM UEPAPXHMHU B ITPOIIECCAX PEJIAKCAIIAA

AHHOTanusl. SIBJIeHHE YIIPyroro nocjeqeiCTBHs NPH HarpyKeHHH/pasrpy3Ke BSI3KOYNPYIHMX M KalMJUIIPHO-
MOPUCTBIX TN, pellaKcalusl WX HANpsDKCHUH CONPOBOXKIACTCS HAKOIUICHHEM M JAWCCHUIIALMEH DHEPTUH, KOTOPHIE
HEo0XOMMO YYUTHIBATh B TEOPHH KOJIECOAHUI, KOTOpast TAKXKE YUUTHIBACT IIOBEACHHE MAaTEPUAJIOB IIPH BO3JICHCTBUH
cuibl. [IpUMEHUTENIBHO K HUM YIPYToe IOCIeIeiCTBIE M PelaKcalys HaIpsDKeHUH 00pas3yroT sIKOOBI IPOTHBOIIO-
JIO>KHBIE PHEPTeTUUECKUE MPOLIECCH], IO3TOMY OCHOBHAS MpobJieMa 3aKII04aeTCs B IOHUMAaHUH U OTKPBITHH 3aKOHOB
JUISL TAKHX TIOCTIEACTBHI.

Lenp uccnenoBanus — IOKa3aTh, YTO PACIPENEICHHE BPEMEHH PENAKCAlMU B BA3KOYIPYTHX M KAHJUIIPHO-
MOPHUCTBIX Cpeax MOXKET UMETh MacIITa0HO-WHBAPHAHTHYIO ((ppaKTanbHyI0) CTPYKTYpY M YTO KOCBEHHBIM IOA-
TBEPXKJICHUEM MaclITaOHOM MHBAPHAHTHOCTH MEPAPXHHM BPEMEH PEIaKCAIlMM MOXET OBbITh IPHHLUII TEMIIepaTyp-
BpPEMEHHAsI CYIEPIIO3ULMs, COTJIACHO KOTOPOW OJKCIIEpUMEHTaJbHbIE (YHKIMH pEeJIaKCallu, IOJy4YeHHbBIE IS
Pas3IMUHBIX TEMIIEpaTyp, MOTYT OBITh OOBEIMHEHBI IPYT C JIPYrOM C IIOMOIIBIO COOTBETCTBYIOUIETO PacTSHKEHHS
ocell koopauHaT. Mcnonb30Baiiich METOABI TEOPUH BSI3KOYIPYToCTH, (pPaKkTaTbHOTO aHANINM3a W METOAbl MareMa-
THyeckod ¢usuky. CrenaHa NONBITKA COTNIACOBAThH 00€ 9TH TEOPUH U MHOTOYHCIICHHBIE IKCIIEPHUMEHTHI MO pa3py-
IICHHIO MaTePHAJIOB, OIIMCAHHbIE B aKaJleMUYECKOU JIUTEpaType.

[loka3aHO, YTO KOCBEHHBIM MOATBEP)KACHHEM MAacIITaOHOH MHBAapHMaHTHOCTH MEPAPXHU BPEMEH pPelaKcalliu
MOXKET CIY)KUTh IPUHLMII TEMIIepaTypHO-BPEMEHHOH CYNEpHO3UIUH, COIJIACHO KOTOPOMY 3KCIEPHMEHTAJIbHbBIE
(YHKIMYM penlakcalid, IOMYYeHHBIE Ul Pa3lINYHBIX TEMIIepaTyp, MOTYT ObITh OOBEOUHEHBl MEXIy COOOH C
HIOMOILBIO COOTBETCTBYIOLIETO PACTSIKEHHS OCEil KOOPAUHAT.

KaloueBble cyioBa: rmocieneiicTBue, BHYTPEHHEE TPEHHUE, BA3KOYIPYroCTb, MEXaHMYECKHUE MOJIEINH,
KO3(h(ULMEHT YITHHEHHUSI.
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