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NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical 

journal has been accepted for indexing in the Emerging Sources Citation Index, a new edition of 
Web of Science. Content in this index is under consideration by Clarivate Analytics to be 
accepted in the Science Citation Index Expanded, the Social Sciences Citation Index, and the 
Arts & Humanities Citation Index. The quality and depth of content Web of Science offers to 
researchers, authors, publishers, and institutions sets it apart from other research databases. 
The inclusion of News of NAS RK. Series of chemistry and technologies in the Emerging 
Sources Citation Index demonstrates our dedication to providing the most relevant and 
influential content of chemical sciences to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Физикалық-

математикалық сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы Emerging 
Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу барысында 
Clarivate Analytics компаниясы журналды одан әрі the Science Citation Index Expanded, the Social 
Sciences Citation Index және the Arts & Humanities Citation Index-ке қабылдау мәселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Химия және технология сериясы  Emerging 
Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті және беделді химиялық ғылымдар 
бойынша контентке адалдығымызды білдіреді.   

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия физико-математичес-

кая» был принят для индексирования в Emerging Sources Citation Index, обновленной версии Web 
of Science. Содержание в этом индексировании находится в стадии рассмотрения компанией 
Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index Expanded, the 
Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science предлагает 
качество и глубину контента для исследователей, авторов, издателей и учреждений. Вклю-
чение Известия НАН РК в Emerging Sources Citation Index демонстрирует нашу приверженность 
к наиболее актуальному и влиятельному контенту по химическим наукам для нашего 
сообщества. 
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GREEN'S FUNCTIONS OF SOME BOUNDARY VALUE PROBLEMS  
FOR BYHARMONIC OPERATORS  

AND THEIR CORRECT CONSTRICTIONS 
 
Abstract. In this paper, a constructive method is given for constructing the Green function of the Dirichlet 

problem for a biharmonic equation in a multidimensional ball. 
The need to study boundary value problems for elliptic equations is dictated by numerous practical applications 

in the theoretical study of the processes of hydrodynamics, electrostatics, mechanics, thermal conductivity, elasticity 
theory, and quantum physics. The distributions of the potential of the electrostatic field are described using the 
Poisson equation. When studying the vibrations of thin plates of small deflections, biharmonic equations arise. 

There are various ways to construct the Green Function of the Dirichlet problem for the Poisson equation. For 
many types of domains, it is constructed explicitly. And for the Neumann problem in multidimensional domains, the 
construction of the Green function is an open problem. For the ball, the Green function of the internal and external 
Neumann problem is constructed explicitly only for the two-dimensional and three-dimensional cases. 

Finding general correct boundary value problems for differential equations is always an urgent problem. The 
abstract theory of operator contraction and expansion originates from the work of John von Neumann, in which a 
method for constructing self-adjoint extensions of a symmetric operator was described and a theory of extension of 
symmetric operators with finite defect indices was developed in detail. Many problems for partial differential 
equations lead to operators with infinite defect indices. 

In the early 80s of the last century, M.O. Otelbaev and his students built an abstract theory that allows us to 
describe all correct constrictions of a certain maximum operator and separately - all correct extensions of a certain 
minimum operator, independently of each other, in terms of the inverse operator. 

In this paper, the correct boundary value problems for the biharmonic operator are described using the Green's 
function. 

Key words: biharmonic equations, Dirichlet problem, biharmonic operator, domain of operator definition, 
correct problems, correct operator constrictions. 

 
1. Introduction. The distributions of the potential of the electrostatic field are described using the 

Poisson equation. When studying the vibrations of thin plates of small deflections, biharmonic equations 
arise [1,2]. 

There are various ways to construct the Green Function of the Dirichlet problem for the Poisson 
equation. For many types of domains, it is constructed explicitly. And for the Neumann problem in 
multidimensional domains, the construction of the Green function is an open problem. For the ball, the 
Green function of the internal and external Neumann problem is constructed explicitly only for the two-
dimensional and three-dimensional cases. In the general case, for a multidimensional ball, the explicit 
form of the Green function of the Neumann and Robin problems for the Poisson equation is constructed 
recently in [3,4]. 
  



News of the National Academy of sciences of the Republic of Kazakhstan 
  

 16 

Note that recently there has been renewed interest in the explicit construction of Green's functions for 
classical problems. In [5-7], the Green function of the Dirichlet problem for a polyharmonic equation in a 
multidimensional ball is constructed explicitly. In [8], the Green harmonic functions of the Dirichlet, 
Neumann, and Robin problems are used to construct the Green functions of the biharmonic Dirichlet, 
Neumann, and Robin problems in a two-dimensional circle. Similar results in the class of inhomogeneous 
biharmonic and triharmonic functions in the sector were obtained in [9-12]. Note also that the construction 
of explicit Green functions of the Robin problem in a circle, when the parameter in the boundary condition 
is equal to one, is devoted to the work [13,14]. The results of these studies are based on the classical 
theory of integral representations for analytic, harmonic, and polyharmonic functions on the plane. 

The solvability of various boundary value problems for a biharmonic equation in a multidimensional 
sphere is studied in [15-18]. 

The abstract theory of operator contraction and expansion originates from the work of John von 
Neumann [19], in which a method for constructing self-adjoint extensions of a symmetric operator was 
described and a theory of extension of symmetric operators with finite defect indices was developed in 
detail. Many problems for partial differential equations lead to operators with infinite defect indices. 

M.I. Vishik [20, 21] considered extensions of the minimal operator, rejecting its symmetry, and 
described the areas of definition of the extension that have certain solvability properties. M.I. Vishik 
applied his results to the study of general boundary value problems for general elliptic differential 
equations of the second order. Then A.V. Bitsadze and A.A. Samarsky [22] found a correct problem that is 
not contained among the problems described by M.I. Vishik. This type of problem for ordinary differential 
equations was studied by A.A. Desin [23]. 

In the early 80s of the last century, M.O. Otelbaev and his students [24-26] constructed an abstract 
theory that allows us to describe all correct constrictions of a certain maximum operator and separately - 
all correct extensions of a certain minimum operator, independently of each other, in terms of the inverse 
operator. This theory was extended to the case of Banach spaces [27]. 

This paper is devoted to the construction of the Green Function of the Dirichlet problem for a 
biharmonic equation in a multidimensional ball and to the description of correct boundary value problems 
for the biharmonic operator. 

 
Green's function of the Dirichlet, Neumann, and Robin problem for the Poisson equation in a 

multidimensional unit ball 

In the n -dimensional ball  rxRxxxx n
n  :),...,,( 21 , we consider the Dirichlet problem 

for the biharmonic equation 

 ,),()(2  xxfxu   (1) 

 .),(
)(

),()( 10 



 xx
n

xu
xxu

x

    (2) 

The classical solution )()()( 14  CCxu  of the Dirichlet problem (1), (2) exists, is unique, 

and is represented by the Green's function ),(,4 yxG n  in the following form [1] 
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where 
yn


 is the outer normal to the boundary of  . 

The Green function of the Dirichlet problem (1), (2) is determined from the following theorem. 
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Theorem 1. a) If n  is odd or n  is fair and 4n , then the Green function of the Dirichlet problem 
(1), (2) is representable as 
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b) In the case of 2n  and 4n , function ),(,4 yxG n  has the form 
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In the future, for convenience, we will only consider the cases n -odd or n -fair and 4n . 
 
Lemma 1. [2] a) In the case of n -odd or n -fair and 4n  the function 

n
nn yxdyx

 4
,4,4 ),(  

is the fundamental solution of equation (1); 
b) [6,7] Functions 
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are biharmonic functions, i.e. satisfy the homogeneous biharmonic equation 
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satisfies the identity 
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Proof of Theorem 1. a) Using equality (7) and decomposition of function 10,)1()(  xxxf  , 

we decompose the fundamental solution ),(,4 yxn  into a series 
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Moving the two terms to the left side of the equality, we get the desired Green's function in the 
following form 
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it is easy to show that function ),(,4 yxG n
  satisfies the boundary condition 
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According to Lemma 1 and Representation ),(2
,4 yxG n  we have 
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Due to the uniqueness of the solution of the Dirichlet problem for the biharmonic equation, the Green 
function of the problem (1), (2) is (4): 
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3. Correct constrictions and extensions of differential operators 
In the early 80s of the last century, M. O. Otelbaev and his students [24-26] constructed an abstract 

theory that allows us to describe all correct constrictions of a certain maximum operator and separately - 
all correct extensions of a certain minimum operator, independently of each other, in terms of the inverse 
operator. Moreover, this theory was extended to the case of Banach spaces and it was possible to partially 
abandon the linearity of operators. Moreover, M. O. Otelbaev shows that the Bitsadze-Samarsky problem 
[22] is a correct narrowing of the corresponding maximal operator. We give a brief summary of this theory 
in the case of Hilbert spaces. 

Let the Hilbert space H  be a linear operator L  with a domain of definition )(LD  and a domain of 

value )(LR . The kernel of operator L  is the set  .0:)(  LfLDfKerL  
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Definition 1. A linear closed operator L̂  in a Hilbert space H  is called maximal if 3 HLR )ˆ( and 

 .0ˆ LKer  

Definition 2. A linear closed operator 0L  in a Hilbert space H  is called minimal if HLR )( 0  and 

there is a bounded inverse operator 1
0
L  by ).( 0LR  

Definition 3. A linear closed operator L  in a Hilbert space H  is called correct if there is a bounded 

inverse operator 1L  defined on all H . 
Definition 4. Operator L  is called a contraction of operator 1L , and operator 1L  is called an 

extension of operator L , and briefly write 1LL   if 

).(,)2

),()()1

1

1

LDffLLf

LDLD




 

Definition 5. The correct operator L  in the Hilbert space H  is called the correct contraction of the 

maximum operator L̂  (the correct extension of the minimum operator 0L ) if LL ˆ  ).( 0 LL   

Definition 6. A correct operator L  in a Hilbert space H  is called a boundary-correct extension if L  

is both a correct contraction of the maximum operator L̂  and a correct extension of the minimum operator 

0L , i.e., .ˆ0 LLL   

Theorem 2 [24,25]. Let L̂  be a maximal linear operator in a Hilbert space LH ,  − a known correct 

narrowing of operator L̂  and K -an arbitrary linear operator bounded in H  that satisfies the following 
condition  

 .ˆ)( LKerKR     (8) 

Then the operator 
1

KL  defined by the formula  

 ,,11 HfKffLfLK  
  (9) 

is the inverse of some correct narrowing of KL  of the maximal operator L̂ , i.e. .L̂LK    

Conversely, if 1L  is some correct narrowing of the maximal operator L̂ , then there exists a linear 

operator 1K  bounded in H  that satisfies condition (8), such that the equality holds 

 .,1
11

1 HffKfLfL  
 

As a rule, it is difficult to describe the kernel of the maximal operator. Therefore, often the following 
Theorem 3 is more effective than Theorem 2. 

Theorem 3 [26]. Let L̂  be the maximal operator, L  be the known correct constriction of L̂ , and K  

be the continuous operator acting from H  to )ˆ(LD  be the domain of the definition of operator L̂ . Then 

operator 
1

KL , defined by the formula 

 KfLLfLfLK )ˆ( 111       (10) 

is the inverse of some correct narrowing L̂ , i. e. .L̂LK    

Conversely, any correct narrowing of operator L̂  is represented as (10). 
This theory will then be applied to the biharmonic operator. 
 
4. Correct boundary value problems for a biharmonic operator in a multidimensional ball 

In this paragraph  rxRx n  : . On the set )()ˆ( 4
2 WLD , we define the maximum 

operator L̂  by the formula ).ˆ(),(ˆ 2 LDuxuuL x   

By definition, )()ˆ( 2  LLR , and  0)ˆ( LKer  is not trivial.  
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In the previous section, we proved that the Dirichlet boundary value problem for the biharmonic 
equation 

 }0
)(

,0)(,),()(:{ 2 







x

x n

xu
xuxxfxuuuL  

has a unique solution of )(xu  and it is represented as 

 
  ,)(),()( ,4

1 dyyfyxGxufL D
n    (11) 

where ),(),( ,4,4 yxGyxG n
D

n   is the Green function of the Dirichlet problem from (4). Thus, operator 

L  is invertible. 

Further, based on the representation of the solution (11) of the Dirichlet problem, we give other 
correct boundary value problems for the inhomogeneous biharmonic equation. To do this, we apply 

Theorem 3 to describe the correct constrictions of the maximal operator L̂ . 
Lemma 2. Using the explicit form of the Green function of the Dirichlet problem (4), for the 

biharmonic equation (1) and for any )()( 4
2 Wxh , the representation is valid 
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Lemma 3. The Green function of the Dirichlet problem on the boundary of the domain has the 
following properties: 
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The following statement is true, which allows us to describe the domain of the definition of the 

maximum operator L̂  in terms of the Green's function ),(,4 yxG n . 

Lemma 4. The domain of definition )ˆ(LD  of the maximal operator L̂  has the representation 
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In particular, if 
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then )ˆ(LD  coincides with the scope of definition )( LD  of operator L . 



ISSN 1991-346X                                                                                                    Series physico-mathematical. 2. 2021 
 

 21 

 Now the question arises: how to describe the definition areas of other possible correct constrictions 

of the maximum operator L̂ ? 
 Let K  be an operator that matches each function )()( 2 Lxf  with a single function 

)()( 4
2 Wxh , such that 

)()( 22 


LL
fCKf , for the chosen operator K , we take the set 

}:)ˆ()({)( KfhLDxuKD  . On the set )(KD , we define the operator KKD
LL 

)(
ˆ . 

 From Theorem 3, it follows that KL  is a correct narrowing of the maximal operator L̂ . From 

Theorem 3, we obtain the following statement describing the operator KL  in terms of boundary 

conditions. 

 Theorem 4. Let K  be an arbitrary continuous operator acting from )(2 L  to )ˆ(LD . Then the 

inhomogeneous operator equation fuLK   is equivalent to the following boundary value. 

 ,),()(2  xxfxux    (13) 

  .
)(

,)(


 







xxxx

xx n

Kf

n

u
Kfu    (14) 

 Note 1. If the invertible operator is on all )(2 L , then the boundary conditions in (14) can be 

written as 

 .,)(


 






















xxxx

xx n

Kf
R

n

u
RKfRRu    (15) 

 

Therefore, to check the correctness of the boundary value problem, you need to try to convert the 
boundary conditions to the form (15). 

Note 2. If the linear operator L -is the correct contraction of the maximum, then passing to the 
conjugates, we get the correct extensions of the minimum operator corresponding to the formally 
conjugate. This also leads to a class of "loaded" equations. 

Note 3. Note that in Theorem 3, K  − nonlinear transformations can be taken as K . 
Other applications of the results of M. Otelbaev in various sections of the theory of differential 

equations can be found in [27,28]. 
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БИГАРМОНИКАЛЫҚ ОПЕРАТОРЛАР ҮШІН КЕЙБІР ШЕТТІК ЕСЕПТЕРДІҢ 
ГРИН ФУНКЦИЯЛАРЫ ЖӘНЕ ОЛАРДЫҢ ДҰРЫС ТАРЫЛУЛАРЫ 

 
Аннотация. Бұл жұмыста көп өлшемді шарда бигармоникалық теңдеу үшін Дирихле есебінің Грин 

функциясын құрудың тиімді әдісі көрсетілген.  
Эллиптикалық теңдеулер үшін шеттік есептерді зерттеу қажеттілігі гидродинамика, электростатика, 

механика, жылу өткізгіштік, серпімділік теориясы, кванттық физика процестерін теориялық зерттеуде көп-
теген практикалық қосымшалармен тығыз байланысты. Электростатикалық өріс потенциалдарының таралуы 
Пуассон теңдеуімен, ал кіші иілімдердің жұқа тақталарының тербелістерінің таралуы бигармоникалық 
теңдеулермен сипатталады. 

Пуассон теңдеуі үшін Дирихле есебінің Грин функциясын құрудың әртүрлі тәсілдері бар. Аудандардың 
көптеген түрлері үшін ол айқын түрде құрылған. Нейман есебі үшін көп өлшемді облыстарда Грин функ-
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циясын құру мәселесі қазіргі таңда ашық міндет болып табылады. Шар үшін Нейманның ішкі және сыртқы 
есебінің Грин функциясы тек екі өлшемді және үш өлшемді жағдайлар үшін айқын түрде құрылған. 

Дифференциалдық теңдеулер үшін жалпы дұрыс шекаралық есептерді табу әрқашан өзекті мәселе 
болып табылады. Операторлардың тарылуы мен кеңеюінің абстрактілі теориясы Джон фон Нейманның 
жұмысынан бастау алады, онда ол симметриялық оператордың өз-өзіне түйіндес кеңейтулерін құру әдісі 
сипатталған және ақаудың ақырлы индекстері бар симметриялық операторларды кеңейту теориясы егжей-
тегжейлі жасалған. Дербес туындылы дифференциалдық теңдеулерге арналған көптеген есептері ақаулары 
шексіз индексті операторларға алып келеді. 

Өткен ғасырдың 80-ші жылдарының басында М. Өтелбаев және оның шәкірттері абстрактілі теория 
құрды. Бұл теорияның көмегімен белгілі бір максималды оператордың барлық дұрыс тарылуын сипаттауға 
болады, сондай-ақ белгілі бір минималды оператордың барлық дұрыс кеңеюін сипаттауға болады.  

Бұл мақала операторлардың тарылуы мен кеңеюі теориясы қысқаша сипатталған және бигармоникалық 
операторлар үшін тиянақты шекаралық есептерді сипаттауға арналған. 

Түйін сөздер: бигармоникалық теңдеулер, Дирихле есебі, бигармоникалық оператор, оператордың 
анықтау аймағы, дұрыс есептер, оператордың дұрыс тарылуы. 
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ФУНКЦИИ ГРИНА НЕКОТОРЫХ КРАЕВЫХ ЗАДАЧ 
ДЛЯ БИГАРМОНИЧЕСКИХ ОПЕРАТОРОВ И ИХ КОРРЕКТНЫЕ СУЖЕНИЯ 

 
Аннотация. В данной работе дан конструктивный способ построения функции Грина задачи Дирихле 

для бигармонического уравнения в многомерном шаре. 
Необходимость исследования краевых задач для эллиптических уравнений продиктована с 

многочисленными практическими приложениями при теоретическом изучении процессов гидродинамики, 
электростатики, механики, теплопроводности, теории упругости, квантовой физики. Распределения 
потенциала электростатического поля описываются с помощью уравнения Пуассона. При исследовании 
колебаний тонких пластин малых прогибов возникают бигармонические уравнения. 

Существуют различные способы построения функции Грина задачи Дирихле для уравнения Пуассона. 
Для многих видов областей она построена в явном виде. А для задачи Неймана в многомерных областях 
построение функции Грина является открытой задачей. Для шара функция Грина внутренней и внешней 
задачи Неймана построена в явном виде только для двумерном и трехмерном случаях. 

Нахождение общих корректных краевых задач для дифференциальных уравнений всегда является 
актуальной задачей. Абстрактная теория сужения и расширения операторов берет свое начало с работы 
Джон фон Нейман, в которой был описан метод построения самосопряженных расширений симметрического 
оператора и подробно разработана теория расширения симметрических операторов с конечными индексами 
дефекта. Многие задачи для дифференциальных уравнений в частных производных приводят к операторам с 
бесконечными индексами дефекта. 

В начале 80-х годов прошлого столетия М.О. Отелбаевым и его учениками была построена абстрактная 
теория, которая позволяет описать все корректные сужения некоторого максимального оператора и отдельно 
- все корректные расширения некоторого минимального оператора, независимо друг от друга, в терминах 
обратного оператора. 

В настоящей работе с помощью построенного функции Грина описаны корректные краевые задачи для 
бигармонического оператора. 

Ключевые слова: бигармонические уравнения, задача Дирихле, бигармонический оператор, область 
определения оператора, корректные задачи, корректные сужения оператора. 
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