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2 Clarivate
Analytics

NAS RK s pleased to announce that News of NAS RK. Series physico-mathematical
Jjournal has been accepted for indexing in the Emerging Sources Citation Index, a new edition of
Web of Science. Content in this index is under consideration by Clarivate Analytics to be
accepted in the Science Citation Index Expanded, the Social Sciences Citation Index, and the
Arts & Humanities Citation Index. The quality and depth of content Web of Science offers to
researchers, authors, publishers, and institutions sets it apart from other research databases.
The inclusion of News of NAS RK. Series of chemistry and technologies in the Emerging
Sources Citation Index demonstrates our dedication to providing the most relevant and
influential content of chemical sciences to our community.

Kasakcma+ Pecnybnukacbl ¥nmmbiK fbifibiM  akademusicsl "KP ¥FA Xabapnapbl. ®u3ukarbik-
MameMamukarblK cepusichl” FbinibIMU XypHasbiHbiH Web of Science-miH xaHanaHraH Hyckackl Emerging
Sources Citation Index-me uHOekcmenyzae KabbindaHFaHbIH xabaprnaldbl. byn uHdekcmeny 6apbicbiHOa
Clarivate Analytics komnaHusicbl XypHandbl odaH api the Science Citation Index Expanded, the Social
Sciences Citation Index xoHe the Arts & Humanities Citation Index-ke kabbinday macesneciH
kapacmeipyOa. Webof Science 3epmmeywinep, asmopsap, bacnawbiiap MeH MeKeMmesiepee KOHMeHm
mepeHdiei MeH canacbiH ycbiHaobl. KP ¥FA Xabapnapbl. XuMusi XXoHe mexHoroausi cepusicel Emerging
Sources Citation Index-ke eHyi 6i30iH KoramdacmbIK yYWiH eH 63eKmi xoHe 6edenidi XUMUSIIbIK FblribiMOap
bolibiIHWa KoHmeHmke adarsnobifbiMbi30bl 6indipedi.

HAH PK coobuwjaem, ymo Hay4qHbil xypHan «3eecmusi HAH PK. Cepusi ¢busuko-mamemamuyec-
Kas» 6bin npuHam 0ns uHdekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcs 8 cmaduu pacCMOMmMpPEHUS KoMnaHuel
Clarivate Analytics Ons OanbHelwea0o npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kayecmeo u enybuHy KoHmeHma 0Ons uccriedogameriel, asmopos, uzdamenel u y4upexoeHul. Bkro-
yeHue MNssecmusi HAH PK e Emerging Sources Citation Index deMoHcmpupyem Hauwy npueep>xeHHOCMb
K Hauboree akmyasrbHOMY U 67USSMEeSIbHOMY KOHMEHmMy M0 XUMUYEeCKUM Haykam Ofsi Hawezo
coobuwecmesa.
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MULTI-LINE SOLITON SOLUTIONS FOR THE TWO-DIMENSIONAL
NONLINEAR HIROTA EQUATION

Abstract. At present, the question of studying multidimensional nonlinear integrable equations in the
framework of the theory of solitons is very interesting to foreign and Kazakh scientists. Many physical phenomena
that occur in nature can be described by nonlinearly integrated equations. Finding specific solutions to such
equations plays an important role in studying the dynamics of phenomena occurring in various scientific and
engineering fields, such as solid state physics, fluid mechanics, plasma physics and nonlinear optics. There are
several methods for obtaining real and soliton, soliton-like solutions of such equations: the inverse scattering method,
the Hirota’s bilinear method, Darboux transformation methods, the tanh-coth and the sine-cosine methods. In our
work, we studied the two-dimensional Hirota equation, which is a modified nonlinear Schrédinger equation. The
nonlinear Hirota equation is one of the integrating equations and the Hirota system is used in the field of study of
optical fiber systems, physics, telecommunications and other engineering fields to describe many nonlinear
phenomena. To date, the first, second, and n-order Darboux transformations have been developed for the two-
dimensional system of Hirota equations, and the soliton, rogue wave solutions have been determined by various
methods.

In this article, we consider the two-dimensional nonlinear Hirota equations. Using the Lax pair and Darboux
transformation we obtained the first and the second multi-line soliton solutions for this equation and provided
graphical representation.

Key words. two-dimensional nonlinear Hirota equations, nonlinear integrable equations, Lax pair, Darboux
transformation, multi-line soliton solutions.

Introduction. Solitons are important when considering nonlinear equations. Nonlinearly integrated
systems have been hotly debated among scientists. This area has developed extensively, mainly in all
areas covered by technology and science. There are several ways to obtain nonlinear soliton solutions of
evolutionary equations. These include the nonlinear method of the Hirota equation, the Darboux
transformation (DT), the Painleve analysis, and more [1-7].

In this paper, the two-dimensional nonlinear Hirota equation is a modified nonlinear Schrodinger
equation considered. The Hirota system is used to describe many nonlinear phenomena. It is widely used
in the field of study of optical fiber systems, in the mechanisms of physics, electrical communication and
other engineering sciences [8, 9].

Consider the one-component two-dimensional nonlinear Hirota equation as follows [10]:

iq, +aq.,, +ifq.., —vq+i(og), =0, (1)
v, +2a8(q|), - 2if(a,a—4q"q,) =0, )
o, -2p5(q"), =0, 3)
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where ¢g=g¢g(x,y,t) is the complex functions and v=v(x,y,t), w=w(x,y,t), (i=1,2) are the real

functions. It is integrated by the method of the inverse scattering method, thus, for its there is a Lax
representation. Its Lax representation is given in the form:

V.= Ay, @)
v, =(20M+4ﬂ12)1//y +By. %)
here A — spectral parameter, ¥ - independent function, particularly W(x, y,t; 1) = (‘Pl,‘Pz,‘Ig)T. A

and B matrices
A=—idoy + 4,

6
B=JB, +B,, ©

here 4y, Bp and o, [2 X 2] dimensional matrices:

0 ¢
A, = i
; 0 iog., — —
B, =5, +(, 9~ Py MJ
lOﬂ"y +

2 pry, +or 0
B, =iwd; + 2ifoyA

s (10
lo -1/

Using the Lax pair above, we can construct a Darboux transformation for a two-dimensional
nonlinear Hirota equation. Compatibility condition of this system:

0y

4, - B, +[4,B]-2al+4p1*)4, =0. (7
According to the above calculations, we can obtain a two-dimensional nonlinear Hirota system. The
spectral parameter A is obtained as follows:
A, =QaA+4PA1)A,.
In this article we will limit ourselves to the situation 6 = +1.
In our previous work, we have constructed the first-order Darboux transformation for the two-
dimensional nonlinear Hirota equation [1].
q[l] =q—=2iS,,
W=yy diasyy, + 4/3(31261; + 51*2% +2isy,8yy, — 2is:2S12y)7 (8)
ol =w—4ifs,,, =0+ 4ifs,,,.

here we define the components of the matrix S as follows:

s=1 ;t1|‘//1|2+/12|'/’2|2 (4 =2 s _
A (/11_/12)'//1*‘//2 /11|‘//2|2"‘/12|‘//1|2
A:|‘/’1|2+|‘V2|2

Lets find further multi-line soliton solutions using this Darboux transformation.
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Multi-line soliton solutions
Here in order to find one soliton solution we choose seed solution as is the g =@ =v =0. When

solving a linear system under zero conditions, we obtain the following basic solution [11]:
o S (00)
V= eiﬂ.x+g(y,t) (9)

here f and g - y and ¢ periodic differential functions.

2.1 The first multi-line soliton solution
we can rewrite the equation (9) to this type:

f)=iuy +iQai + 417 ut +c,
g(,0) =—ipy —iRad + 42" ut —c.

we use the N-order Darboux transformation to obtain a linear colitis solution:
€/+i;(j
e
5j = (egjﬂ'lj ] (10)

. . . . 2
0, +iy; =—id;x+ipu;y+iQQal; + 41, )u;t +c;,

here

where A, u;, c; are random real constants and A, =b; +id ,, u; =m; +in;, ¢, = kj +ilj, (j=2r-1,
r=12,.,N).

0, =dx—n,y—2(ab.n, +adm, +4pb.dm, +2fm b ~2pnd f+k,
Xy ==byx+m;y+ 2(0‘[’./’”./ —adn; —4pb,d n; +2pmb; _Zﬁmjdf>+lj

b,d,m,k,l #0, b,d,m,k,I[ -real constants.

Then ¢ U , U 1 , a)[l] we obtain a multi-line soliton solution for:
q" =2de™ sech(26,),
ol = 4d(tan 26, ]y +8if3d* ([tan 26, ]y —e M sech26, [62’7“ sech20, ]y ),
a)[l]=4ﬁ[tan2¢91]y. (1)
here

(O +ix) + (6, ~ix)) =26, = d\x—ny +(4fnb] —4pnd} —8fmbd,)t 20 (nby +myd, )t +ky;
(O +ix) = (0, —ix,) = 2ix, = =byx+myy+(4fmb’ —4pmd? —8Pnbd,)t +2a(mb, —nd,)t+1,.
Let's take q[l]

are affected. Using the calculated expressions, we can deduce from the equation the following physical
properties of the solution (11 a): the amplitude [2d1], the wave vector K = (KX,K y): (2d,,—2n,), the

as an example to analyze the distribution features of soliton, some parameters of which

d
frequency vV = [— 4(d1 —bl)-20£(n1b1 +md, )], the soliton direction g =—L. From the figure it can be seen
n

that the distribution of a linear soliton & ; depends on the change in magnitude.
To visualize the results of the first multi-line soliton solution, we construct graphs of the expressions
g", 01 and @ obtained with the help of Maple 2018:
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Figure | - a,d,,l, =1,m; =2,=2,b, =13 Figure 2 - a,d,,l, =1, =2,b, =1.3,m, =2,
(1] 0]

and ¢=0 soliton solution for ¢ k; =1,5 and =0 soliton solution for U

Figure 3 -a,d,,l, =1, =-2,b, =1.3,m, =2,n,,k, =1,5 and t=0 soliton solution for a)[l]

We obtained first-order multi-linear soliton solutions using the Darboux transformation for the two-
dimensional nonlinear Hirota equation with given seed solution conditions.

2.2 The second multi-line soliton solution
Now we obtain three two-line soliton solutions for N =2.

2ile? —6] +6,+6; a, + e**(91+91* )-65—6; a, + e*(gl+91* )+ e*(ﬁﬁrﬁ; )+6,-0; a )

2] _ 703“2_ 2
7= 2040y, -20+6,) 20-0,) . _-20-0,) i) ’
e +e 1B, +\e +e 1B, + e 1B,

(12)

By =(by —idy — by —id, )(b, +id| — by +id),
” By =(by —idy — by —id, )(by —id, — by —id}),
) g~ 2i(d, - dy).

a, =2id, (b, —id, — b, —id, (b, +id, — b, —id, ),
a, = 2idy(by —idy — b, —id, )(by +idy —b,

2] 2 . .
ol ],a)[ I Values are considered in the same way.
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ol = _4ip + 8iB(R - 0)
(62(01+91y+93+93y))+ 7 (62(91+91y_93_i13y))+ 7/12 (e

ﬂ1 (ez(a3+03y —Hly—il3y))+ ﬂz (e2(93y —%y))

_2(91+91y+93+i;(3y))+ )2 (e—2(91+01y —93—93y))
2

ol = —4ip 4l +

75 (eZi(zrz;))_,_ ¥ (e*2i(11713))
ﬁ3 (6*41‘(;{1 713))

+

To visualize the results obtained during the calculations on the second-order multi-linear soliton, we
construct graphs of the formulas q[z] , vl and @ obtained with the help of Maple 2018:

- 10 TTT -1
_j _5_
1
y 0 X {}_
- 5
] ] gug
41 |
| Iilll | T 1.1 rrri T F 01 l[} LEL L] L) l’l 1$l IIil
It 5 0 = =10 -0 =5 0 5 10
X WV
Figure 4 - d,n;, 1 ,my, ky =1,k = -1, Figure 5 - n,,b,,d\,l,,dy,ny,my, ks, 7, =1,
d3 =1'2’b3 =3,0!,ﬂ,13 =2,b],1’l1 =175’ 533ﬂ1 =1)ﬂaa7m1:l39517}/1)ﬂ2 =23b39529}/37

(]

and ¢=0 soliton solution for ¢ 5 =3,k; =—1 and 1=0 soliton solution for 1)[2]

Lh

|—+—

[UEEESSEEENNEESES’ EEEEE

=10 =5 0 3 10

Figure 6 - ny,ny,ky, 7, =Lk ==1,B,a,m,15,6,,7,, 0, =2, by =4,b5,6,,75, B3, B, =3,
my =2.5,d,,05,l, =1,5,d; =1.6 and t=0 soliton solution for a)[z]

In this section, we obtained second-order multi-linear soliton solutions for the two-dimensional
nonlinear Hirota equation with initial conditions. 3 decisions were obtained by introducing certain
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designations. As a result, we constructed graphs of the exact expressions to visualize the results of the
second multi-line soliton solution.

Conclusions. In this article, we considered the first and second multi-line soliton solutions for two-
dimensional nonlinear Hirota equations using the Lax pair and Darboux transformation. We also provided
graphical representation. The obtained result is used for further research of nonlinear integrable equations
when finding different soliton solutions.

I'. T. bekoBa, A. A. JKaasipanoBa

X.JlocMyxamenioB aTbIHIarbl AThIpay YHUBEpCHTETI, AThIpay, Kasakcran
JL.H. 'ymunes areiaparsl Eypasus ynrTeiK yausepceureti, Hyp-Cynran, Kaszakcran

EKI OJIINEM/I CBI3BIKThI EMEC XUPOTA TEHJAEYIHE APHAJIFAH
KOII CbI3bIKThI IIEINIMIEP

AnHoTanus. Kazipri yakpITTa COTUTOHIAP TEOPHSCHI MIEHOEPiHAe KO eIIIeM/Ii CHI3BIKTH eMec MHTerpanga-
HAThIH TEHJCYJIEpAl 3epTTey Moceneci ImeTeniKk xoHe KaszakcTaHIblK FajbIMIap YUIH YJIKEH KbI3BIFYIIBLIBIK
TyabIpaabl. TaOuraTTa Ke3JeceTiH KonTereH (pU3uKajIblK KyOblIbICTAp bl CHI3BIKTHI €MEC WHTErpaIaHaThIH TEHICY-
Jiep apKbUIbI cumarrayra Oojambl. MyHmald TEHICYNEpHiH HaKThl IMICIIIMICPiH Taby KaTThl JcHE (HU3UKACHI,
CYHBIKTap MEXaHHUKACHI, TUIa3Ma (DPU3UKACHI JKOHE CHI3BIKTHI €MEC ONTHKA CEKUIIl TYpIi FRUIBIMH XKOHE WHKEHEPIIK
cayajap/a Ke3/IeCeTiH KYOBUIBICTAPIbIH TUHAMUKACKHIH 3epTTEYIe MaHBI3bI P atkapanbl. OChIHIAN TEHACYIEPIiH
HAKTHI JKOHE COJIMTOHIBIK, COJUTOH TOPI3/i IICNIMIepiH anyAblH Oipiiama omici Oap: Kepi mambipay ecebi oici,
OmMCEI3BIKTE XupoTta omici, JapOy TypieHmipy omici, Kepi miambipay ecedi 9ici TaHTEHC >KOHE CHHYC-KOCHHYC
dmicTepi CHUSAKTHI KOIITEreH 9MIiCTep YCHIHBIIFAH.

Byn xxymeicta Hlpenuarepain MoandUKaisiIaHFaH CHI3BIKTHI €éMeC TeHeYyi OOJBIN TaObUTATHIH €Ki eJImeMIi
Xwupora tenaeyi 3eprrenini. CpI3bIKThI eMec XHUpOTa TeHAeYl MHTerpallIaHaThIH TeHAEYAIH Oipi OOJbIN TaObLIa (bl
koHe XHUpoTa Kyieci KONTereH ChI3bIKThI eMeC KYOBUIBICTAP/Ibl CUNIATTAY YIUIH ONTHKAJIBIK TAIIIBIKTADP KYHECIHIH
3epTTey aiiMarbiHAa, PU3MKa FHUIBIMBIHIIA, DIIEKTPIIK OalnaHbIC JKoHE 0acka Jla MHKEHEpIIiK cajanapia KOJIaHbI-
nanel. Ocbl yakpITTa JediH exi enmemai XupoTa TeHjaeyJsep xyiieci yuuin Oipinm, ekinmi, n-perti dapOy Typen-
JIpyl KYpBUIFaH 5K9HE COJUTOH/IBIK, KUPATYIIbl TOJKBIHABI HMICHIIMAEPI p TYPJIi 9IiICTEPMEH aHBIKTAJIFaH.

By makanana eki enmiemIi ChI3BIKTHI eMec XHpOoTa TCHICYJIEPiH KapacThipaMbi3. Jlakc xyObiH xonHe JapOy
TYPJICHIIPYIH KOJIIaHa OTBHIPBIN, Oi3 OCHI TEHJAEYre apHaJFaH OIpiHII KOHE eKiHIII KOeIl CBI3BIKTHI COJIMTOHIBIK
HICIIIMED aJIbIHIBI )KOHE OCHI MIeNIiMl rpaduKaiblK OeiiHeney Makcateinaa Maple 2018 Garnapiaamachl KeMeriMeH
OPTYPITi YaKBITTa KO CHI3BIKTHI COTUTOHIAP IBIH TPAQUKTEPl KYPBUIIBL.

Ocpl Makanana KOJTAHBUIFAH OMICTI 0acKa Ja CHI3BIKTHI €éMeC KOMIDIEKCTI TeHIEYNIepi 3epTTey OaphICHIHIA,
ONapIBIH COMMTOHABIK MIemiMaep i Tady yIIiH naiinaranyra 0omagsl. COHBIMEH KaTap, aJlbIHFaH HOTH)KEHI XUpoTa
TEHEYIH OJIaH 9pi 3epTTey YIIiH KOJIJaHyFa OoIasl.

Tyiiin ce3nep. Exi enmemi cbi3bIKTBI eMec XUpOTa TEHJIEYJIePi, ChI3bIKTBI EMEC UHTETPaJaHaThIH TeHCYIIED,
Jlakc xyObr, JlapOy TypieHaipyi, MyJIbTH-ChI3bIKThI COJIMTOH HISIIIM/EPI.

I'. T. bekoBa, A. A. JKaasipanoBa

Artsipayckuil yausepcureT uM. X.Jlocmyxamenosa, Ateipay, Kaszaxcran
EBpasuiickuil HannoHansHbI yHuBepcuteT umenu JI. H. I'ymunesa, Hyp-Cynran, Kazaxcran

MYJIbTUWIVHEMHBIE PEIIEHUA JIJI IBYMEPHOT' O
HEJMHEHHOI'O YPABHEHUS XUPOTBI

AHHoOTanus. B Hacrosiee Bpemst BOIPOC N3y4YeHUs] MHOTOMEPHBIX HEMMHEWHBIX HHTETPUPYEMBIX YPaBHEHUH B
paMKax TEOPHUH COJUTOHOB HMEET OONBIIONW HMHTEpeC ISl 3apyOEXHBIX M Ka3aXCTAaHCKUX YUEHBIX. MHorue
(usnueckue SIBICHHUS, IPOUCXOIAIINE B PUPOJIE, MOXKHO OIUCATh HEJIMHEHHO-MHTErPUPOBAHHBIMU YPaBHEHUSIMH.
Haxo)xneHne KOHKPETHBIX PELICHMH TaKUX ypaBHEHHUH WIPaeT BaKHYIO POJb B HM3Y4YEHUH IUHAMHUKHU SBICHHUH,
MPOUCXOSIIMX B PA3IMYHBIX 00JIACTAX HAYKU U TEXHHKH, TAaKHX Kak (U3MKa TBEPAOTO Tejla, MEXaHWKa KHUIKOCTH,
¢u3uKa a3mMel U HenuHelHast onTHka. CyIIecTBYyeT HECKOJIBKO METOJIOB IOJIyYEHHUS! PEalbHBIX M COJIMTOHHBIX,
COJIMTOHOIOJJOOHBIX PELICHUH TaKMX YPaBHEHHUH: METOJl 0OpaTHOM 3a/1auil pacCestHusl, OMIMHEHHBIH MeTOJ] XUPOTHI,
Mmeron nnpeodpazoBanus 1apOy, METOIbI TaHI'€HCA U CHHYCa-KOCHHYCA.
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B nanHOli paboTe H3y4eHO JBYMEpHOE YpaBHeHHE XHPOTBI, KOTOPOE SBISETCS MOIU(UIIMPOBAHHBIM
HenuHeWHbIM ypaBHeHueM lllpenunrepa. HenuneliHoe ypaBHEHME XUPOTHI SIBISETCS OJHUM M3 MHTETPUPYIOLIMX
YpaBHEHHIA, a cucTeMa XHUPOThI UCIOJIB3YETCS B 00JACTH MCCIICIOBAHUS BOJOKOHHO-ONTHYCCKUX CHCTEM, (DU3UKH,
Te.l'leKOMMyHI/IKaLII/Iﬁ " ApYyTruX MHKCHCPHBIX o0JacTax JUIA OIIMCAaHUs MHOTHUX HEJIUHENHBIX sBieHnii. K HaCTosAIIEMY
BpeMeHH pa3paboraHbl npeoOpazoBanus JlapOy mnepBoro, BTOpOro M N-ro IOPsAKA Uil ABYMEPHOW CHUCTEMBI
YpaBHEHUI XHUPOTHI, 8 COMTOHHBIE PELICHUSI B BUJIE Pa3pyLIUTEIbHBIX BOJIH ONPEIEIICHBI Pa3INYHBIMA METOaMHU.

B cratbe paccMOTpeHBI IByMepHBIE HelMHEiHble ypaBHeHUs XupoTbl. C ucrons3oBaHueM napsl Jlakca u
npeoOpazoBanus J{apOy IMoydeHs! IepBOE U BTOPOE MYJIbTH-TMHEHHbBIE COJIMTOHHBIE PELICHUS ATOTO YpaBHEHHUS U
JUTA TpahUIecKoro MPEICTABICHIS TOTO PEIISHHS ¢ TOMOIIBI0 iporpaMMel Maple 2018 ObuTH OCTPOCHBI TpadUKH
MHOTOJIMHEHHBIX COTUTOHOB B Pa3IMIHOE BPEMSI.

MeTton, UCHIONB30BaHHBIA B NAaHHOH CTAaThe, MOXKET OBITH HCIIONB30BAH U W3YyUEHHS OPYTUX HENWHEHHBIX
KOMIUIEKCHBIX YPaBHEHHUH C IENBIO MOMCKA X COMUTOHHBIX pemeHuil. Kpome Toro, momydeHHBIH pe3yIbTaT MOXKET
OBITH MCIIONB30BAH IS TaTbHEHIIIEr0 H3YUCHNS YPABHEHUS XHUPOTHL

KiroueBrbie croBa: OByMEpHBIE HENWHEHHBIE YpaBHEHHS XWPOTHI, HEJIHMHEHHBIE MHTETPUPYEMbIC YpaBHEHHS,
napa Jlakca, npeoOpasosanue JJapOy, MyJIbTHINHEHHBIC COTUTOHHBIC PEIICHHUS.
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