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CMEHMAHHAS 3AJAYA U1 TPEXMEPHBIX THIHHEPBOJTHYECKHUX
YPABHEHHMMU C BBIPOXJIEHNUEM THUIIA U ITOPAIKA

AnHoTanusa. V3BecTHO, 4TO B HPOCTPAHCTBE IpPU MATEMAaTHUYECKOM MOJAEIMPOBAHUM 3IEKTPOMArHUTHBIX
HoJIe B MPOCTPAHCTBE XapakTep 3JIEKTPOMArHUTHOIO Ipolecca ompeaensercs cBoiictBamu cpeasl. Ecnu cpena
HETIPOBOJSMIAst, TO IOJIy4aeM BBIPOKAAIOIINECS MHOTOMEpHBIE TuiepOonnueckne ypaBHeHHsA. (ClenoBaTenbHO,
aHaJIM3 3JIEKTPOMArHUTHBIX MOJIEH B CIOXKHBIX cpelax (HarpuMmep, €Ci MPOBOAMMOCTb CPEIbl MEHSIETCST) CBOISTCS
K BBIPOXKIAIOIIMMCS MHOTOMEPHBIM THIEPOOIMYECKUM ypaBHEHHAM. VI3BECTHO Takke, YTO KOJEOaHWS YIpPyTHX
MeMOpaH B IPOCTPAHCTBE IO NMPHUHIMIY ['aMMJIBTOHA MOXXHO MOJEJIHPOBATH BBIPOXKIAIOUIUMICS MHOTOMEPHBIMU
TUNEpOONINYeCKMMU ypaBHEHUsIMU. CIie[0BaTEIbHO, HCCIEAYs] MaTeMaTH4ecKOe MOJESIMPOBAHUE Mpolecca pac-
MPOCTPaHEHUs TEIUIA B KOJICOTIOMIMXCSA YIPYTHX MEMOpaHax, TAKKe MPUXOAUM K BBIPOXKIAOIIMMCS MHOTOMEPHBIM
THIepOoIMUECKUM ypaBHEHUsIM. [Ipu M3yueHnn 3THX NMPHUIOKEHUH BO3HUKAET HEOOXOIUMOCTh IOJIyYEHUs! SIBHOTO
NPEe/CTAaBICHUS PELICHHI HcclieyeMbIX 3a1ad. CMelnanHas 3aja4a Juls BBIPOXKAAIOIINXCS MHOTOMEPHBIX TUep0o-
JIMYECKNX YpaBHEHUI B 00OOIEHHBIX IPOCTPAHCTBAX XOPOLIO MCCIEOBaHa. JTa 33/1a4a TaKKe n3ydeHa B paborax
C.A.AnpameBa, re MOKa3aHO, YTO €€ KOPPEKTHOCTh CYILIECTBEHHO 3aBHCUT OT BBICOTBHI pacCMaTpUBAEMOM LIUIHH-
npudeckoi obmactu. Ha BakHOCTH MCCIE€OBaHMH MHOTOMEPHBIX T'MIICPOOJIMYECKHX ypaBHEHHH C BBIPOXKAECHHEM
THna U mopsagka obparwn BHuMaHus A.B. bumamze. CMmemanHbIe 3amaun [UIS STUX YpaBHEHHH paHee HE OBLTH
n3ydeHsl. B manHOW paboTe mokaszaHa pa3pemInMOCTh CMEIIAHHOHM 3aJadd W IMONy4YeH SBHBIA BHJ KIACCHYECKOTO
pemIeHus! Ui TPEXMEPHBIX THIEPOOINUECKUX YPaBHEHHH C BEIPOXKICHUEM THIIA U TIOPSAAKA.

KnaroueBble cnoBa: EBKIMIOBO HpPOCTPaHCTBO, TPUTOHOMETPUYECKHE (YHKIMH, IMOJSPHBIE KOOPIUHATHI,
OPTOTOHAJIBHOCTH, (pyHKIUS beccens.

n.1. Beenenne. CMenranHas 3a1a4a i BRIPOXKAAIOMUXCA JIMHEHHBIX THIIEPOOINYECKUX YPaBHEHUH
B 0000IIEeHHBIX MpocTpaHcTBaxX m3ydyeHa B [1]. B [2,3] ycTaHOBIEHBI KOPPEKTHOCTh CMEUIAHHOHN 3afadu
JUISL BBIPOXKJAFOIMXCSI MHOTOMEPHBIX TUIEPOOINUECKUX YPABHEHHH.

B nanHoil paboTe moOKa3aHa pa3pemIMMOCTh W TOJYYEH SBHBIA BUJ KIACCHYECKOTO pEIICHHS
CMEIIaHHOW 3a7a4yll Uil TPEXMEPHBIX THIIEPOOIHYECKUX YPaBHEHHI C BEIPOKACHUEM THIIA U MTOPSIAKA

m.2. IocranoBka 3agaum u pesyaprar. llycts D — uunuHapudeckas oONacTh eBKIMIOBA

npoctpanctea  E, Touex (X;,X,,f), orpammuenmas mwmHzpoM | = {(x,t):|x| = 1}, IIOCKOCTSIMU
t=£>0u t=0, rae |x| — JUIMHA BeKTOpa X =(x1,x2). Yactu 3THX MOBEPXHOCTEH, 00pa3yIommx

rpanuiy 0D, obmactu D ,,0003HaunM depes I, S ,, S, OTBETCTBEHHO.

B obGmactu D ,, paccMOTPHM TPEXMEPHBIC THIICPOOIHYECKHIE YPaBHCHHU

2 2
Lu= Zki (t)ux,-xl- —ky()u, + Zai (x,t)uxt_ +b(x,t)ut +c(x,t)u =0, (1)
i=1 i=l

rne k,(t)>0 mpu >0 n moryr obpamarscs B Hyms npu ¢ =0, k.(¢) € C([0, )N C2((0, B)),
i=12,3.
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VYpasuenue (1) runepbonuuno mpu t >0, a BIonb mIOCKocTH t = 0 MUMEET MECTO BBI-POXKACHUE €TO
THUIIA ¥ IOPATKA.

B nanbHeiinieM HaM MOHAIOOWTCS CBsI3b  JEKAPTOBBIX KOOpAMHAT  X;,X,,[C MHOJISPHBIMU
r,0,t:x, =rcosl, x, =rsin, r >0, 0< @ < 2r.

B KauecTBe CMEIIAHHOMN 3a/1a4k PACCMOTPHM 3aa4y:

3apaua 1. Haiitu pewenne ypasuenns (1) B obmactm D, u3 wmacca C (B )N C*(D 5)s

YAOBJICTBOPAIOLICE KPACBbIM YCIIOBUAM

u‘SO = T(I", 0)9 ut

5, =v(r.0), ulr = w(t,0), (2)
npu stom 7(1,0) =w(0,0),v(1,0) =y,(0,0).

ai(raeat) bi(raeat) Ci(l’,g,t)
KO k0O k@
Torna crnipaBeinBa

Teopema. Ecu ¢(r,0) € Cl(gﬁ)ﬂCG(Sﬂ), w(t,0)eC' ()N C(Iy), (r,0),v(r,0) €

IMycts ,E CI(B/})ﬂCZ(Dﬁ),i=1,2.

b

C' (Eo) NC*(S,) u BeMONHsETCS YCIOBHE
cosp, B #0,5=12,.., (3)

TO 3aja4a | MMeeT peleHne, rae y , — MONOXKHUTenbHbIe Hymu QyHKuuii Beccers mepsoro poxa J, (2),

k() +k, (D]
HJ 2k, (&) ¢

n.3. Jloka3zaTeabcTBO TeopeMbl. Penienne 3amaun 1 B OMSAPHBIX KOOpAWHATaX OyIeM HCKaTh B BUIE
psana

E,n=0]1,...

u(z,0,t) =u, (r,t)+ Z (u,,(r,t)cosn@+u,, (r,t)sinnf), 4

n=1
e U,y (7,1), u,, (7,t), u,,(r,t) -byHKuum, KOTOpBIE OYTYT ONPEIETECHBI HIKE.
IToxcrasus (4) B (1), B HOJSAPHBIX KOOPAWHATAX OyAEM UMEThH

.2 2
sin” 0 . cos” 0
Lu=k (t)(cosz Oy, + T”wrj +k, (t)(smz Oy, + —”mr] Uy T

+a,(r,0,t)cosbu,, +a,(r,0,t)sinOu,,, +b(r,0,t)u,, +c(r,0,t)u,, +

o0 2
. sin” @ .
+ Z {kl (t)[cos2 O(cosnbu,,, +sinnbu,, )+ (cosnbu,, +sinnbu,, )+
n=1
nsin26 | . nsin 26 .
+ ——(sinnbu,, —cosnbu,, )+ ——-—(cosnbu,, —sinnbu,, )—
r 1nr 2nr 2]”'2 2n In (5)
n’sin’ @
g (cosné,, +sin n6u,,)|+ k, (1)|sin® O(cos nbu,,, +sinnbh,, )+
nsin 26 . cos’ @ .
+ 7(cosn6’uzm —sinn6u,, )+ (cosn6u,, +sinnbu,, )+
nsin26 , . n’ :
+2—2(smnt9uln —cosnbu,,) ——20052 O(cosnbu,, +sinnbu,, )]—
r r

—— |4 ——
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nsin @

(sinn6u,, —cosnbu,, )} +

-u,,, cosnd—u,,  sinnf+a, [cos O(cosnbu,, +sinnbu,, )+ p

ncos@

+ az[sin O(cosnbu,, +sinnbu,, )+ (cosnOu,, —sinnbu,, )} +

+b(cosnbl,,, +sinnbh,,,)+c(cosnby,, +sinnbh,, )} =0

Teneps noirydeHHOE BeIpaskeHHe (5) cHadana yMHOXXUM Ha p(6) # 0, a 3arem npounTerpupyem ot 0
10 277, Tlocsie HECTOKHBIX TTPe0OPa3oBaHMii MOIyYHM Pl

(k,+k,) 1 (k,—k)) 1
S— Pro| Uion T U, |~ Prothion + 2 d\o| g, — =y,
2 r 2 r

| (k +k
+ay, (r,Ouyg, + by (r,Duyg, + ¢y (r,Duy + Z{Z{( 2) (ujnrr +

n=l | j=1

1 n’ (k, —k,) 1 n’ 6
+;ujnr _r_zujn)_pjnujntt ++%djn(ujnrr _;ujnr +_2ujn + ( )

+ (kz—zkl) e, (ujm, - %j +a, (r,Ou,, +b, (r,0u,, +c,(rt)+u, ]} =

2 2

27
= Ip(ﬁ)cosn@d@, Lo, = J‘psinnﬁdﬁ, d, = jpcosZ&cosn@d@,
0 0

0

2z 2z 2z
d,, = IpcosZ@sinan@, e, =—J.psin26?sinn<9dt9, e, = IpsinZHcosn@d&,
0 0 0

27 27
a,, = I,o(a1 cosf@+a,sinf)cosndb, a,, = J.,o(a1 cos @ + a, sin @) sin n6d o,

pr cosdo, b,, = jpb sinn@do, c,, = jp{(al sin@ —a, cos0) " Sl? n9 + ccosn@}d@,
= J. {(a2 cos@ —a, sin b)) ncoran + c¢sin n@}d@, n=0,1,...
Hanee paccMoTpuM OECKOHEUHYI0 crcTeMy AU depeHInaANbHBIX YpaBHEHUH
k(t)plo(uwrr + %uwj = Prottion =0, k()= M (7

r 2

1 n’ (k, —k,) 1 (n-1)°
k(t)pjl[ Jjnrr ;ujnr _r_zu/n) _pjnujntt = _%djn—l [ujnlrr _;ujnflr + }"2 ujn—l -

)

1 Uj (k, —k))d,, Uy,
k(t)pﬂ[”_/m +;uj1r — 5 | TPl = Uyor — P = ayglyg, — bygttyg, — €115 (8)

(k,—k) u
2 1 Jn-1 : _
_fejn—l ujn—lrr _T _ajn—lujn—lr _bjn—ltujn—lt _cjn—lujn—l’ J= 1,2,n=23,.. .
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HeTpyaHo mokasarb, 4TO €CIin {ulo,u in }, j=12,n=12,... pemenne cucremsr (7)-(9), To oHO

SIBJIIETCS U pellIeHNeM ypaBHEHU (6).
Jamee, yuuTeiBas ~ opToroHaidbHOCTH  ([4]) cHUCTeM  TPHUTOHOMETpPHUYECKHX  (pyHKIWH
{l,cos n@,sinnf,n = 1,2,...} na otpeske [0; 277.],u3 kpaeBoro ycnosus (2) B cuity (4) 6yaeM uMeTh

) (r,0) = 7,4 (r), uy, (r,0) = v, (1), u,, (1,1) =, (2), (10)

u,(r0)=r7,0), u,@0)=v,@),u, )=y, @), j=L2,n=12,.., (11)
1 2r 1 2 1 2
T =~ J 2, 0)d0, viy (1) = j v 0)d0, v, () = J v (t.0)do,
1 2 1 2r 1 2
7, () =— ! (r,0) cosn6d0, v,, () = ! V(r,0)cosntd0, v, (1) = '([1//(t, 0)cos n6deo,

2r 2r 2
7, (r) = % [2(r.0)sinn6do, v,,(r) = i [v(r,0)sinn6do, v, (&) = i [v(t.0)sinnéao,
0 0 0

n=12,..

Taxum oOpa3om, 3amada 1 cBejeHa K CHCTeMe CMEMIaHHBIX 3amad il ypaBHeHud (7) -(9). Temepn
HaiiJIeM pelleHHs 3TUX 3aa4.

Herpyano 3ameTuTh, 4TO KaXkj0€ ypaBHEeHHE cUCTEMBI (7)-(9) MOXKHO IpeCTaBUTh B BUE

2

k(t)(ujm +%ujnr —%ujn]—um = fu(r,t), n=0,1,,... (12)

N 10) N .
rae k(t)= , f, (r,t) ompenensrorcs M3 NPEIbUIYIINX YPAaBHEHHMH OJTOW CHCTEMBI, IPH ITOM

ks (@)
fo(f',t)EO.

B [3] mokazano, uto 3amaum (12),(10) u (12),(11) omHO3HAYHO pa3pelIMMBI, €CIIH BBITIOTHSICTCS
yciosue (3).

Hanee, cHagana perms 3anaun (7), (10) (j =1,2, n=0) , a3arem (8), (11)
(j=L2, n=1) u .1 HaiineM mocnenoBaTenbHo Bee u,, (7, 1), uj, (r,t), j=12, n=12,....

CnenoBatensHo, 3anauu (6), (10) u (6), (11) Takke ogHO3HAYHBI pa3pemuMbl. Tak, mokasaHo, 4To

jﬁ p(0)Lud6 = 0. (13)
0

Hycts  f(r,0,t) = R(r)p(0)T(t), upumuem R(r)eV,,Vy— mmomma 8  L,((0])),
p(@)eC”((027))— mmotia B L,((0,27)), a R()€V,V,— mmoma B L,((0,0)). Torna
Jr,0,0eV, V=V, 8(0,27)®V, — motra s L,(D,) ([4)).

Orcrona u u3 (13), cnegyer, 4To

j f(r,0,t)LudD, =0

Dy

Lu=0, Y(r,0,0)eD,.
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Taxum o6pasom, pemenneM 3amad | ssusercs dymkims (4), tae uyo(7,0), u, (r,1), j=12,
n=1,2,... oNpeneNnsoTcs U3 NPEABAYIINX ABYMEPHBIX 3a/1a4.
VuureiBas orpanudeHus Ha Kod(duumentsl ypasBHenus (1) u Ha 3amansbie GyHkipn @(r,0),

w(r,0), ©(r,0),v(r,0),ananornudo kak B [2, 3], MOKHO MOKa3aTh, YTO MOJyYeHHOE pelieHue (4)
npuHaIeKuT Kiaccy C (5 s)NC*(D )-

CrenoBatenbHO, TeOpeMa J0Ka3aHo.
Pabora BemonHeHa npu (uHaHCOBOH mommepxkke donma Hayku KasHIIY (moroBop Ne§ ot
05.01.2020r.)

C.A. Aanames, 3.H. KananbsiHoBa

Maremaruka, pu3uka )xoHe HHpOpMaTHKa HHCTUTYTHI,
Abaii ateingarsl Kas¥I1Y, Anmatsel, Kasakctan

TYPI MEH J9PEXECI ©3IEPTUII'EH YHIHOJIIHEM/I
I'MITEPBOJIAJIBIK TEHAEYJIEPTE APAHAJIFAH APAJIAC ECEII

AnHoranus. KeHIiCTIKTeri 3IeKTPOMarHuTTIK ©pPiCTI MaTeMATHKAJIBIK MOJEIBICY Ke3iHAe dIEKTPOMArHUTTIK
MpoIleC CHIAThl OPTAaHBIH KAcHETTepi HETi3iHxe aHBIKTanaTbliHbl Oenrimi. Erep opra etkisrimm Oommaca, oHOa
KeIeJIeM/li TUIepOonanblK TeHaeyiepal anambi3. COHIBIKTaH KypJIedl OpTaiarbl AJIEKTPOMArHUTTIK epicTepii
Tanmarasaa (MbICajbl, e€rep KOpIIaraH OPTAHBIH OTKI3TIINTIIT ©3repce) KOMeeM/Ii ©3repTUIreH THIepOOoIIaIbIK
tenueynepre kenemis. CoHpaii-ak, ['aMUIbTOH mNpuUHUMII OOWBIHIIA KEHICTIKTErl cepmiMai MemOpaHajiapabiH
TepOemicTepiH 3ePTTEreHIe KOMeIeMIi 03repTiIreH TUIepOoIaIblK TCHACYJICPMEH MOJEIbBIACYTe OOIaThIH/IBIFBI
Oenrini. CoHnplkTan TepOenMeni ceprimai MeMOpaHallapAa JKbUIyAbIH Tapajly YAEpIiCiH MaTeMaTHUKalIbIK MOJAEIb-
JIey/i 3epTTei OTHIPHII, KONeIIIEeM Il 63repTUIreH Tunepooanslk TeHaeysepre kenemis. Ocbl Maceneneplii 3eprrey
Ke3iH/e HaKThl HIeMIMAepli KenTipy KaxeT. JKanmpuianraH KEHICTIKTE KeNeJIeMl e3repTiireH THIepOoIaiblK
TEHJIEYJIEpre apajac ecenTep >kakchl 3eprrenreH. byn ecen C.A. AnpameBTiH eHOEKTepiH/e /1 3epTTEeNreH, OHAa
€CeIITiH AYPHICTHIFBl KApPaCTHIPBUIBINT OTHIPFaH IHJIMHAPIIK aiiMak OWMIKTIriHe OaiaHBICTBHI €KCHIIT KOpCEeTLITeH.
A.B. bunamse Typi MEH Iopexeci e3repTUITeH KOIoNmeMIl TUMepOOIablK TeHACYIepIi 3epTTeyIiH MaHBI3IbI-
JBIFBIHA Ha3ap aynapiabl. by Tenaeynep OoiibiHina apanac ecentep OypbiH KapacThipbiiMaraH. JKymbicTa TYpi MEH
JIOpEeKeCi e3repTUIreH yIuejmeMl TunepOosaiblK TeHJIeyJiepre apaHajfaH apajac ecel LIeHIMIiHIH OapibIFbl
TIOJIENICHTeH YKOHE OHBIH HAKThI TYPi KENTIPUITeH.

Tyilin ce3nep: EBKIMATI KEHICTIK, TPUTOHOMETPHUSIIBIK (YHKIIUSUIAP, HMOJSPIBIK KOOPIUHATTApP, OPTOTOHAN-
IBLIBIK, beccenb GpyHKIUICHL.

C. A. Aldashev, Z. N. Kanapyanova
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IXED PROBLEM FOR THREE-DIMENSIONAL HYPERBOLIC
EQUATIONS WITH DEGENERATION OF TYPE AND ORDER

Abstract. It is known that in space during mathematical modeling of electromagnetic fields in space, the nature
of the electromagnetic process is determined by the properties of the medium. If the medium is non-conductive, then
we get degenerating multidimensional hyperbolic equations. Therefore, the analysis of electromagnetic fields in
complex environments (for example, if the conductivity of the medium changes) is reduced to degenerating
multidimensional hyperbolic equations. It is also known that oscillations of elastic membranes in space according to
the Hamilton principle can be modeled by degenerating multidimensional hyperbolic equations. Therefore, by
studying mathematical modeling of the process of heat propagation in oscillating elastic membranes, we also come to
degenerating multidimensional hyperbolic equations. When studying these applications, it becomes necessary to
obtain a clear representation of the solutions to the investigated problems. The mixed problem for degenerating
multidimensional hyperbolic equations in generalized spaces is well researched. This task is also studied in the works
of S. A. Aldashev, where it is shown that its correctness significantly depends on the height of the cylindrical region
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under consideration. A.V. Bitsadze drew attention to the importance of studies of multidimensional hyperbolic
equations with degeneration of type and order. Mixed problems for these equations have not previously been studied.
In this work, the solvability of a mixed problem is shown and a clear form of a classical solution for three-
dimensional hyperbolic equations with degeneration of type and order is obtained.

Keyword: Euclidean spaces, trigonometric functions, polar coordinates, orthogonality, Bessel function.
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