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SOLUTION OF PRIVATE TASKS OF CYLINDRICAL SHEAR WAVES
(in the case of the distribution of constant values y-a + 2> 0 and o = p)

Abstract. Many studies usually use two methods to determine wave characteristics.

First-The instantaneous state of the medium corresponding to a certain fixed moment of time is investigated.

Second-The change in time of the state of the body in question at some fixed point is investigated.

If studies are carried out taking into account the rheological properties of the material of the system in question
or, if there is an environment surrounding the system, which also generally exhibits rheological properties, the use of
these methods is significantly difficult. In such cases, the influence of rheological parameters on the components of
the complex phase velocity at certain values of the vibration frequencies is studied.

Key words. deformable bodies, shear wave, vibrations, cylindrical shell, rod, viscoelastic medium.

This problem will be two-dimensional depending on two coordinates (R,8)and only the shear
displacement u,(r, 6,t) and components of the stress tensor g,,-anda,g other than zero

The problem statement will be as in [1]

Let a shear cylindrical wave propagate in an elastic inhomogeneous transversally isotropic cylindrical
layer. At the moment t = 0, the tangential stress pulseo,.or the displacementu,, but changing in
coordinatef.

We solve the problem in dimensionless variables

bt R
== r=—u=%= (1)
To To To

Wherery,- is the inner radius of the layer.

b — is the shear wave velocity.
Hooke's law in an elastic inhomogeneous medium has the form

du
Ozr = U1 (r) E;

10u

00 = 2(1) -=—3(2)
The equation of motion reduces to the following
00pr 10020 4 1 22%u
or + r 00 + r Ozr = p(r)b 72 G)
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Substituting (2) into equation (3) we obtain the basic equation, which has the form

0%u [l wM]ou | 1 pp(n)dcu _ bZp(r) 8*u )
orz ' Ir T uumlor T rzu maeez T () ar?
Let the boundary conditions for this problem have the form
Oz = fm(7) cos(mO)forr = 1 ®)
0, = Oforr = r; (andr; > 1) (6)

In addition to the boundary conditions, it is necessary to specify initial conditions that are zero in our
problem, i.e.

ulr=g = 0 (7
Since a linear problem is considered, it is advisable to use the one-sided Laplace transform over
dimensionless time to solve it.
We apply the Laplace transform with respect to t to equation (4) and obtain

%ug | 1, (M) 0ue | H2(M*ue _ p(Mb*
or? [T ui ()l or r2u4(r)062 - u1(r) p~Uo (8)

The solution to equation (8) is sought in the form

uy = T(r) cos(m0) 9)
Flat
Uy = fooou(r, 0,t) e Pidr (10)
Then equation (8) takes the form
2T(r) | [, ph(]0T() _ [mPua(r) , p(rb® _
el mel o e T e P [y =0 (D

In the future, we will assume that the inhomogeneity of the medium has the form

(1) = ugor®; pa(r) = pyorP; p(r) = por? (12)

Moreover,b? = %; a, 8, Y — constants.
1

Then equation (11) takes the form
r2T"(r) + r(1 + )T () — (m?rf=%yZ + p2rY=“2)T(r) = 0 (13)

Herey? = k20
K10

Suppose thaty —a + 2 > 0 anda = f8

The general solution of equation (13) in the case under consideration is equal to

y—a+2

wrt =z (14)

HereK,(2) andl,, (z) - are the Bessel function of the imaginary argument, and

y=— J T et (15)

T y—a+2

2
y—a+2

a y—a+2 a
T, = Cr 2Ky (=) prC 2 )+ Gor 2l (

y—a+2
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The constants C; andC,are determined from the boundary conditions (13) and (14)

frno @) P71y 1(p ) [yS+ ]K (p

oo 5 €)1 @) b St (o) b 21 O] o C) s3]

1

C1=

55205l () 16)
Where 5= )/—t;c+2 o
Consequently
1) =22 i, D [pritya (p5) = s + 5] ()] + 1 (0 7)o (0) -

[@]Ky(p:)]x[ﬂy—l(—)* Bbs+ S50 05 -+ 5] (D] - 101, () -

() bs -]k (62) s 2], (D) o

In the general case, it is very difficult to invert expression (18) with respect to p.
Expression (18) can be inverted for discrete values of the index, i.e. when

v=n+% (19)

where n is an integer, then the Bessel functions are elementary.
For example, forn = 0

rer) = Imo®) z {Ki(p —)[ [prfl ] (p T—Sf) - [s i a] Iy (p E)]

Po bZTZ 2 2 S

e
OEPE(E-E )

"%@[S;a][l’r’{ (p%> SMK%( )] (20)

Given that

N - (n + k)!
Kos()(#) = J% ¢ ;) k! (n — k)! (22)*

O DR+ k) O (k)
le ;k!(n—k)!(ZZ)k+(_1) e kz:;)k!(n—k)!(Zz)k

1
La(ne@) ) = T

or K ()(Z)—\/_ —Z] ()(Z)_
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We rewrite expression (21) as

Pr,.S_.s Pr.Ss_.s
f (p) _yta+2 —(rl—r ) __(rl_r )
T( ) Jmo\l/ { g(rl_l) _E(rl 1)( +£+E) + %(r1—1) s(‘rl 1) )} (22)
e —e pt,+5 e —e -3
Or
f (p) exp[—@1(Mp]  exp[-¢@,()p]
T(r) =" yﬁm  raez ) (23)
4 4
Where
1
P1(1) = [0 = D) +2Kk07 = D5
02(r) = [(r° = 1) + 2k (5 — D] 5 (24)
Consider the expression
exp[—¢1(M)p] exp[-¢1(M)p] y+a+2 1
T(T') = y+t{+2 = pl Zloco—o(_ )m_ (25)
4
We denote
[—01(r)p]
Ejp = W (26)
_exp[—¢,(r)p]
im — pm+1
and get
& —1(r)
Eiq = wadf;En: fl—,lEmdf
p1(r) @1(1)
_ e (G-ei(M) _ e (G-ei(M)
Eis = lpuoy~ 2 E108E5 o Brm = Jy oy "y Frodé

Then the expression (25) takes the form

Ty(r) = Eyp — 222 poag 422y GOl p ge yrarz g o) p ge g

m 4( <p1(r)) 4 @1(1) 1! ( 4 <p)1(r) 2!
y+a+2 o (E—pi(r) _ y+a+2 _ytat2(§-o.()
"+(_ 4 ) f(pl(r) (m-1)! Eyod§ =Eyo - 4 f<p1(r){ 4 T
yra+2\? (E=pi(0)* y+a+z =@ ()™
( 4 ) 21! -t " ' ("11 n! +W}E10d§ @7)
or
_ yra+z co  YIEER(e ()
Ty (r) = Eyo — Tf(pl(r) E1odS (28)
_ - o 2 1
T,(r) = 22 - SPEn Ol g ratym 29)
4
We denote
EZO — eXp[_(:;Z(r)p] (30)
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_exp[—g,(M)p]

2m — pm+1
As previously put
o (§-p(1)
Ep1 = J, oy E20d8; Eap = [ (o =1 Ezod§
_(®  E-ea)? _ [ E-gr)™
Epz = f(pz(r)+Ezodf 2m = f‘Pz(’”)W Epod$ (31)
Consequently

—Ty(r) = By + X2 (% EyodE + .. +(Y+“+2) [ G o0) ) S
2 - 720 4 @1(r) 720 <P2(7') (m-1)! 20 - Tz20

y+a+2 yra+2\™ 1 (&= <.02(T))
4 fqoz(r){l + ++( ) (m-1)! }EzodSor
_ ytatz co TEHEEE_g,(r)
—To(1) = Ezo +—— [, 01 1V Epod§ (32)
Thus, the expression for T takes the form:
T(r) =220 e (1) (B — LR [ expl =R (¢ — gy (1) EggdE + Eyg +
; L [ oy exp[- T (6 - 02 Ennde (33)
Inverting the expression in P, we obtain
T = —r P2 g~ DF [ TEr =7 [ oy eXPI= 5 (€ = 91 (M) Erod€ ] fn (7
2)dz + Thoo(=1)* [ [Bao + 52, ) exp[ 5 (f——qoz(rn]Ezodﬂfm(r—z)dz} (34)

where
Eio = ]0('[ - (P1(7”)); Ey = ]0('[ - (Pz(r))

_ [st=0@S-1)7] . _ ST+ -1)
Ky = [ 2(rs-1) ] k=1 2(r;-1) ] (35)
Knowing T, we can determine(r, 8, T)
u(r,0,t) = T(z,r)cos(mb) (36)

Similarly, we can obtain expressions for the stress o,,- and 0,9

T = T (DML F - ) 2B0dg — L f(r — 9y ()] - Sy (- DLy o -
HTRAE -~ f (1 — ()] (37)
si:(Zane) = myzor(_y+za+6)u(r, 0,1) (38)

Formulas (34), (36), (37), (38) give an exact solution to the problem, taking into account the entire
complex wave picture.

In the calculation, it was assumed that the points of the inner surface of the cylindrical layer are
rigidly fixed.
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OUJIUHAPJIK BIFBICY TOJKBIHIAPBIHBIH JJEPBEC ECEBI
( TYpaKThl M3Hi ¥ — @ + 2 > 0 xdHe o = § miaMachl :KarFAaibIH/Ia)

Annoranus. JlepopMarusnaHaTeiH JeHeTIEpAeTi JOHTeNEK JJIEMEHTTEPIiH BIFBICY TOJKBIHBI YAEpiCTepiH
3epTTeyne (azaiplK KBULAaMIBIK YFRIMBI (pa3aiblk OPTaHBIH ©3repy JKBUIIAMIBIFBI peTinae eHrizineni. L{ummaapmik
KaOBIKTBIH TApMOHHUKAIBIK TepOeici kaFJaibiHaa (Ga3ablK KbBUIAAMIBIK KaOBIK MIETiHAEC epKiH TipelreH TepOeic
)KuiniMeH cunartananpl. COHIBIKTaH OMIAHAPITIK Ka0aTTaFbl TOJIKBIHIBI 3ePTTEY apKBUIBI Y3BIHABIKTAFbI KAOBIKTHIH
Taburu (opmanapbl MeH TepOemic KuimiriHe Tikemed OainmaHbICTHL. JKYMBIC HOTIXKeci Oipermemai MIIHHIAPIIK
TONKBIHIAPIBIH CEPIMIi KOHE KaOBICKaK OpTa, IIBIOBIK JKOHE MaTepHajlaFbl TOJNKHIH OPICIHIH CHIIATTaMaCBIH
3epTTeyre MYMKiHIIK Oepeni. KapacTeipeutran 3epTTeyiiep Kylie MaTepHABIHBIH PEOJOTHSIBIK KaCHETTEPiH eCKepy
HETI31HIEe JXKYpri3iice HeMece KOpIIaFaH OpTaHBIH aWHaNacelHAa Ooica, OHIA OYJII PEOoNOTHSIIBIK KacHeTTepAi
KepceTeni, aTaliFaH oJicTepli KOJIaHy alTapibIKTali KMbIHFa COFamsl. MyHmal jkaFdaiia KOMIDIEKCTi (a3albIk
JKBIIIaMABIKTHIH PEOJIOTHSIIBIK TTapaMeTpIiepi — TepOetic KUUTITiHIH HaKTH MoHI ecenTeneni. JKyMpIC — Ka3bIKTHIK
MeH JOHreNeK 3JEMEHTTEP/IH TOJKBIH YACPICTePiHIH TYPAKThUIBIK IMHAMHUKACHIH 3epPTTEyre apHajfaH, COHBIMECH
Katap KaOaTThI, cepmmiMIi jKa3bIKTHIK OeTiHe KO3FallaThIH JKYKTEME dCcepi Typaibl jKa3bIKTHIK e€ceOi, CHI3BIKTHI eMec
nedopManusIapaaH OoNaTBIH KEepHEY 3aHBl KapacTHIPBUFaH. EcenTiH KonmaHOANBUIBIFE — AWHAMHUKAIBIK €CEeITi
ISy OiH TYpJi CaHIBIK AITOPUTMICPIH jkacay YVINIH KoimaHbUIamsl. JledopMamusiaHaTbIH OpTamaFrsl TYPIIi
MEPUOATHI JKOHE MEPHOATHI €MEC KO3FAJbICHIHBIH 0acThl MOHI KapamailblM TapMOHHKAJIBIK THITETi Ka3bIKTHIK
TOJIKBIHBI OOJIBII CAHANAIbI, OJIAPJIBIH dcepi OChl OeTKe KaKbIH opHanackaH. COHABIKTAaH Penie Tapany TONKBIHBIHBIH
ecebin KapacTbipa anambi3. JKapTeuiail )a3bIKTIKTAFbl MATEPUAIIBIH KO3FAIIBIC TEHJCY] MOTEHIHAIAA (,\f TOJIKbIH
TEHJAeYyNIepi Heri3iHme cumarramanpl. KypeUipIMmapIel HeMece KYPBUIBIMIAPIBI KoOanay OapbICHIHIA MAaHBI3IBI
MIapTTapabiH 0ipi — KYPBUIBIMAAPABIH TYPAKTHUIBIK JKaFJaifbl MEH 3JIEMEHTTEpi €CKepiiesi.

Y3bIHABIKTEIH ~JOHTEIeK CepHiMai  ©3€TiH KapacTelpraHma Oenrimi Oip yakpITTa INTAMHBIH YIIBIHA
WHTCHCUBTIIIKTIH OCBTIK CHIFBUIATHIH P(t) KyImi KommaHBUIAAbl Jem OoipKaMm jKacalMbl3. JleHrenmek IIBIOBIKTHIH
TYPaKTBUIBIKTHI KOFANTYBl MATEMATHKAIBIK TEOPHS HETi31H e J)KOHE TOHTEIIeK 03eKTiH KolieHeH TepOeici HeTi3iHe
seprreneni [3]. Ocwel Mocenenepre CyieHe OTBIPBIN, OFaH KAaJBIITHI HEMece aWHalIMaibl BIFBICY KepHEyi
KOJNJaHBUIFaHa KaTaH HeMmece aedopMalMsIaHATBIH IIeKapalapMeH IIEKTeNTeH cepHiMmui KabaT TepOemiciHig
KeHOip aKCHMETPHSIIBIK MOcelesepiH KapacThIpaMbl3. MocenenepaiH MIenTiMi HHTETPANABIK TYPJICHAIPY apKbLIBI
KOOD/IMHATA )KOHE YaKbIT OOMBIHIIA aJbIHFaH.

Tyiiin ce3: gedopmManusIaHaTEH KaTTHI I€HE, TOIKBIH, TepOetic, MMIHHIPIIK TepOeic, CHIPHIK.
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PEHIEHHUE YACTHBIX 3AJAY HWJINHAPUYECKHUX CABUT'OBbIX BOJIH
(npu packiiajie MOCTOSIHHBIX BEIMUYUHY —a+ 2 > 0una = f)

Annoranus. [Ipu uccnenoBaHusX CABUIOBBIX BOJHOBBIX MPOLIECCOB KPYrOBBIX AJIEMEHTOB B Je(hopMHUpYyEMbIX
TeJlaX BBOAMTCS MOHATHE (PA30BOIl CKOPOCTU KaK CKOPOCTH M3MeHeHus (pa3oBoil cpenpl. B ciyuae rapMoHHYECKUX
KoJIeOaHUH LMJIMHIPUYECKON 000JI0uKH (ha30Basi CKOPOCTh BBIPAKAETCS Yepe3 YaCTOTy COOCTBEHHBIX KOJICOAHUIA,
cBOOOHO OMEPTON MO KpasM OOOJOYKH, M MOSTOMY HCCIEIOBAaHHE BOJH B MWJIMHAPUYIECKOM CJIO€ HMEET Camoe
npsiIMOe OTHOLICHHE K MpoOiieMe omnpesiesieHHuss COOCTBEHHBbIX (OPM M 4acTOT KolieOaHWH 000JI0YeK KOHEHHOW
JuinHbl. [IpoBomMMbIE B IaHHOH paboTe pe3ysbTaTbl MO OJHOMEPHBIM IMJIMHAPHYECKUM BOJHAM B YIPYTHUX H
BA3KOYMIPYTUX Cpedax U CTEPIKHAX MO3BOJIIIOT UCCIIEAOBATh BIMSHIE XapaKTEPUCTUK MaTepHajia Cpejl Ha BOIIHOBEIE
more B Martepuane. Ecmum wmccienoBaHWS MPOBOAATCS € y4YETOM PEOJOTMYECKHX CBOMCTB —MaTepHuaia
paccMaTpruBaeMON CHCTEMBI MJIM MMEETCS OKpY’KaloIlas CHCTEMY Cpefd, Takke B OOLIeM cilydae, MPOSBIIMIOIAs
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PEOJOTHYEeCKe CBOICTBA, MCIIONB30BaHIE 3TUX CIIOCOOOB 3HAYMTENBHO 3aTPYOHEHO. B Takumx ciydasx m3ydaercs
BJIMSIHHE PEOJIOTHYECKHX MapaMeTPOB Ha COCTABISIOIINE KOMIUIEKCHOH (ha30BOW CKOPOCTH TPH OIpPEAEICHHBIX
3HAYEHHUIX YacToT Kosebanuid. [lodTomy paboTa mocBslleHA H3YyYEHHIO ITUHAMHKH YCTOHYMBOCTH BOJHOBBIX
MPOIIECCOB IUIOCKMX M KPYTOBBIX 3JIEMEHTOB, a TAaK)K€ paccMaTpuBaeTcs KiacC IUIOCKHX 3aJad O BO3JACHCTBHUHU
MOJIBIYKHBIX HArPy30K Ha IMOBEPXHOCTH CIIOMCTON YIPYTo# MOJYIUIOCKOCTH NMPH HEIWHEHHOM 3aKOHE 3aBHCHMOCTH
HaNpsDKeHUH OT medopmanmid. 3amgadr JAHHOTO Kiacca NPEACTABIISIOT OONBIION MPUKIATHON HMHTEPEC M, KPOME
TOTO, MOTYT CIY)XHUTh 53TaJOHOM IS pa3pabOTKH TeX WIM HWHBIX YHCIECHHBIX aJIrOPUTMOB IS PEIICHHUS
TUHaMHU9ecKux 3anad. Cpenu pasindHbIX MEPUOANYECKUX M HETEPHOAMYECKUX IBIDKEHUH 1ehOpMHUPYEMBIX Cpel
BaXHOE 3HAUYEHHE UMEIOT IUIOCKHE BOJIHBI IPOCTOT0 TAPMOHUYECKOTO TUTIA, PACTIPOCTPAHSIOIINAECS 10 TOBEPXHOCTH
TeJa WU MOJMYIJIOCKOCTH, BIHMSIHAE KOTOPBIX OTPaHUYMBACTCS OKPECTHOCTBIO 3TOHM moBepXHOCTH. I103TOMY MOXKHO
paccMOTpeTh 3aady O paclpoOCTpaHEeHUH BOJHEI Pernest.

Ecnmu paccMoTpeTs KpyTiblil ynpyruid cTepkKeHb JIUHBL, TO OyIeM Mpeamonaratb, YTO K TOPIIAM CTEPXKHS B
KaKoi-In00 MOMEHT BpeMEHH MPUKIAIbIBACTCS OCeBasi CxKMMarolnas cuia uHteHcuBHocTu P(f). TloTepst ycroiiun-
BOCTH KPYTJIOTO CTEp)KHS OyAeT MCCIeNOBaThCS Ha OCHOBE MAaTEMAaTHUYECKOW TEOPHUH W TMOMEPEeYHOro KojeOaHWs
KPYTJIOTO CTEPIKHS, U3JI0KEeHHOU B paboTe [3]. Ha ocHOBe 3THX 3a7a4 MOKHO pacCMOTPETh HEKOTOPBIE OCECHMMET-
pUYHBIE 3aa4d KoJieOaHWs YNPYTroro Cjosi, OTPaHHYEHHBIE XECTKHUMH WiIH Ae(HOPMUPYEMBIMH TPAHUIAMH TIPH
BO3ICWCTBUH HAa HETO HOPMAJIBHOTO MM BPAIIAaTEIIbHOTO KAacaTeIFHOTO HANpsDKEHHs. PermeHus paccMaTpuBaeMBbIX
3a/1a4 MOJTyYeHBI C UCTIOJIb30BAaHIEM MHTETPATbHBIX MPE0Opa30BaHU IO KOOPAMHATE WIIH IO BPEMEHHU.

KuaroueBbie cioBa: nedopmupyemast TBepaas Tena, BOJIHA, KOIeOaHusl, ITHHIpUYecKas 000JI04Ka, CTEPIKEHb,
BA3KOYTIpyTasi cpena.
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