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Mamemamuka

YK 519.6+517.9

I'. JAUPBHAEBA, JI. H TEMUPBEEKOBA

YUCJIEHHOE PEHHEHUE YPABHEHUSA I'EJIb®AHIA-IEBUTAHA
HA OCHOBE METOJA CUHI'YJIAPHOI'O PA3JIOKEHUA
N OITUMU3ALINN

KasHY um. anp-®apabu, r. AmaTsl

Paccmampusaemesa unmeepanvhoe ypasuenue I envghanoa-Jlesumana ons pewienus koI uyueHmHol obpamuol 3a0auu
015 eunepboauuecko2o ypasHenus. IIpednodicen aneopumm HUCIEHHO20 DeuleHus UHmMe2palbHo20 ypasHeHus Ienvpanoa-
Jlesumana 03 3a0auu ¢ COCPeOOMOUEHHBIM UCTOYHUKOM O 2unepboiuueckozo ypagrenus. Ilocmpoen npumep 3adauu ¢
COCPEeOOMOYEeHHbIM UCTOYHUKOM. HUCTIEHHO peulenbl npAMds U 00pamuan 3a0aid, pe3ylbmamvl pacyemos npueedensl 6 uoe
epaguxos.

B nmanHo#i paboTe mpemaraercs MpUMep M aJTOPUTM HYHCICHHOTO PEIICHHS WHTETrpajJbHOrO ypaB-
HeHus1 [envdanna-JleButana Ui 3aa4d C COCPEAOTOUYCHHBIM HCTOYHUKOM sl TUIEPOOINYECKOro
ypaBHEHUSA

PaccmarpuBaercs muckpeTHbIH aHanor metona ['enbdanma-JleButana onpeneneaus Ko3hGUIIIEHTOB
g(x) paccMaTpvBaeMOro YpaBHCHHS [0 BBIUMCICHHBIM mpu x = ( ciiegam pelieHuid ceMeicTBa 3aaay
Kommn.

utt = uxx - q(x)uﬁ X € Ra t= 07 (1)
lo=0, u, |=5(x). )

B npsmoit 3amadue TpeGyeTcst onpenaenuTs GYHKIHIO u(X,f) TI0 U3BECTHBIM (PYHKITUSAM ¢(X) U Hadallb-
HBIM YCTIOBHSM (2).

B oOparHoii 3amaye TpeOyeTcs BOCCTAHOBHUTH HEMPEPBIBHYIO (DYHKIUIO ¢(X) MO JOTOIHHUTEIBHBIM
nH)OpMAITIIM

u(0,t)= f(t), u(0,6)=0, >0. 3)

O6parsabm 3amadam Buna (1)—(3) nmocesimensl Mmororpaduu B. I'. Pomanoga [1], C. U. Kabarnxuna
[2]. B paborax WM. M. I'ensdanna u b. M. Jlepurana [3], M. I'. Kpeiina [4] noka3aHbl Teopembl 00
onHo3HauHOW pazpemmmoctd 3anaun (1)—(3). Juckpernerii anamor merona Iembdanma-JleBurana B
JIIBYMEpHOW 00paTHOH 3amade IJIsl THIEPOOIIMYECKOTO ypaBHEHHS HcciemoBaHa B padore C. M. Kaba-
nuxuHa u ['. b. bakanosa [5]. B manHo# pabore moka3aHo, 4TO JUCKPETHBIA aHAIOT OOpaTHOW 3amadu
SKBUBAJICHTCH KOHEUHOMY Ha0OpYy CHCTEM JTMHEHHBIX aJIreOpanyecKuX ypaBHEHUH.

B pab6ore [2] morydeHO HHTETpaIbHOE ypaBHEHHE I oOparHOi 3amaun (1)—(3)

%[ ft—x)+ f(t+x)]+ j f(t—1)i(x,7)dr =0, 4)

x>|t]|.
JU7isl 9MCIIEHHOTO PEIICHUsI HHTETPAIbHOTO ypaBHEHNUs (4) MOMydaeTcsi CUCTeMa JIMHEHHBIX YPaBHEHUIT
¢ wioxo oOycnoBieHHOW Martpuiei. [Ipu kaxaom ¢ukcupoBanHoM x > 0 cooTHouIeHHE (4) SIBISETCS
MHTErpaNbHBIM ypaBHeHHeM OpearobMa MEPBOro poja OTHOCHTENbHO (QyHKUMH W(x,), f € (- x,X).

— 3
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Pemennie 3TOoro ypaBHEHHsS OTHOCHTCS K KJIacCy HEKOPPEKTHBIX 3afgad. B pabote [2], nuddepenuupys
ypaBHeHue (4) 10 ¢, NoIy4eHo ypaBHeHue Tuna dpearonbMa BTOPOro poaa

w(x,t)+ J.f'(t—r)vT/(x,T)dr = —%[f’(t—x)+f’(t+x)] 5)

x>0, te(-xx)
[lockonbky pemeHne w(x,t) ypaBHeHHsA (5) 4eTHO TO NEPEMEHHOH #, 3TO YypaBHEHHE MOXHO
nepenucarb B BUAe [2]

W(x,t)+I[f'(t—r)+f’(t+r))]v7(x,r)dr=—%[f'(t—x)+f’(t+X)], x>0,t[0,x)  (6)

YpaBaeHue (6) 3KBUBAJIEHTHO ypaBHEHHIO (4) MIpH JOMOJHUTEIBHOM YCIOBUH, YTO pelieHue w(x,?)

ypaBHEHUS (6) ABIAETCS YETHOH (QyHKITHEH IO apTyMEHTY f.
Hckomas GpyHknus g(x) cBsi3aHa ¢ pelICHHEM UHTETPAILHOTO ypaBHEHU (6) COOTHOIIICHUEM

q(x) = 4i7v(x,x—0), x>0 (7)
dx

st Toro 4ToOBI MOCTPOUTH PElIeHHe OO0paTHOH 3amadyd B Touke X > 0, TOCTAaTOYHO pPEIInTb ypaB-
HeHue (6) u Haiith ¢(x) o dopmyne (7). U3 Teopun ypaBHeHmid Opearonsma U3BECTHO, YTO IS MaJIbIX
3HAUCHUH X ypaBHEHUE (6) OTHO3HAYHO Pa3peIInMo.

Bocnonezyemcest kKakoii-mu60 GopMyIIoi YUCIEHHOTO HHTETPUPOBAHHUS

J(V/) = IV/(X)dX X Sm ((//) — '”Zlcjl//(x;m)) ‘ ®)

Jliis mpuOIMKEHHOTO PEUICHHUS MHTETPaIbHOTO YpaBHEHUs (6) 3aMEHUM MHTETrPall B 3TOM YPaBHEHUHU
Ha KBaJpaTypHYI CyMMY U IpH (PUKCHUPOBAHHOM X > ( M MPHU KAXKIOM ! TOIYYHM CHUCTEMY JIMHEHHBIX
YpaBHEHMUII:

w(x,t")+ic,. (1 =)y + £1(* + o) r) - R, (w) = —%[f’(t" —0+ (0] ©

0<tf<x, 0<k<n.

Ocratounblii wieH R,(w) TpH BBUNACICHUN HHTETpPalia C IOMOIIBIO KBaapaTyphl (8) sBiIseTCS
dyHkumei mepemennoii . onaras B (9) ¢t = ¢, k = 0,1,2,...,n; 0TGpachIBasi OCTATOYHbIH WICH, ITOTyIHM
CHUCTEMY YpaBHEHHIA

Aw=y, (10)
rac MaTpula AB Cjiydac METOJa NPpAMOYT'OJIbHUKOB UMECT BUL
L+ h(f( =)+ £ 7)) A =)+ £ +2,) o B =2, )+ £ +2,)
W =z )+ £ +z,))  1n(re =2 )+ £ +7) o Al =2, )+ £ +2,)
A= W -z )+ (2 +2,) Al -2+ s 4) W(re =z, )+ £ +2,) |.(1D)

Wil —e el an) APl —o e sl en) o h(r G -2, ) £ +7,)

w(x,7,) f’(to —x)+ f'(to +x)
w(x, ;) . f’(t' —x)+ f’(t' +x)

w=| w(x,7,) |, y==3 1t —x)+f'(t2 +x) . (12)
w(x,7,) f'(t” —x)+ f'(t" +x)

Jusa pemrenus 3agaun (10) mpuMeHseM WTEpallMOHHBIA METOJl ONTUMHU3AIUU [2] W MPSMOW METO[
SVD [2, 7].
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CunryasipHoe pa3ioxeHue. CucreMy JHHEHHBIX YPaBHEHMH MOKHO pemath 3((GEeKTHBHBIM METO-
JIOM CHHTYJIIPHOTO Pa3JIOKEHUsI, OCHOBAHHOM HA IIOJITHOM OPTOTOHAJIBHOM Pa3JI0KeHNUH, MMEIOIIUM BUL [6]

A=UJK.
3nece U u V' — opTOroOHAIEHEIE MATPHUITHI pa3MepoB (nxn), K — muaroHajabHas MaTpUIla ¢ CHHTYIIIPHBIMA

YycIaMi Ha TJIABHOW JAMaroHand. M3I0XuM anropuTtM cyeTa METOAOM CHHTYJISIPHOTO DPa3sIoKEHUS.
Cucrema MuHEeHHBIX anredpandeckux ypaBHeHnu (10) umeer Bu.

UKVw=y. (13)
Vmuosxas (13) ciaeBa Ha TpaHcoHnpoBannyio K U marpuie U’, mveem
Khw=U"y,
tak kak UU” = I, I — equHNYHasg MaTpuia.
O6o03HaunM yepe3 / BeKTop Vw, Toraa morydum

Ki=U"y. (14)
W3 ypaBuenus (14) Haxoaum unciaeHHo BexTop /. Jlanee u3 ypaBHEeHHUs
Yw=1. (15)
VMHOXas cieBa Ha V7, HaxomuM w
w=V"l.

Metoa ontuMu3auum. VtepannoHHbIE METOIBI CTPOMM W3 BapHAIlIOHHOTO MPHWHIMWIA, T.€. HAWUTH
pemenune ypasHenus (10), rocTapnstomunii MUHUMYM (QyHKIIMOHATY
J(w) = ||Aw— y||2 — min.
PaccMoTpuM sIBHBIN UTEpalMOHHBIA METO.
W =Wt —a(Aw" - ). (16)
OGo3HauuM uepe3 7, = Aw" — y HeBs3Ky, KOTOpasi HOIy4aeTcsi IPH MOACTAHOBKE MPUOIIIKCHHOTO
3HAYeHHs W' TI0TyYeHHOro Ha k-if uteparuu B ypasHenns (10). MTepalioHHbIi MapaMeTp o BHIOHpaeTcs
W3 yCIIOBHSI MUHUMYMa ||Vk+1 || TIpH 33JJaHHOH HOpMeE ||i”k || .
Ilepenummem (16) B Bume
wh = Wk ar,
Ortcroza noJIy4um
AW = Aw" —adr,

N, caemoBatensHO,

Vi =T —0dr, (17)
Bo3sBens 00e uactu ypaBHeHus (17) ckansipHO B KBaJIpar, MOJIYIHUM
||rk+1 ||2 = ||rk ||2 — Za(rk ,Ar, )+ a’ ||Ark ||2 (18)
Otcrozia BUTHO, YTO ”V T+l ” JIOCTUTAeT MUHHUMYMa, €CIIH
a:E@%l (19)
4

IIpuMmep 3aga4ml ¢ cocpegOTOYEHHBIM MCTOYHHUKOM U ee pemieHue. 3agada (1), (2) ¢ HayaIbHBIM
YCIIOBHEM B BHJIE JeNbTa — (YHKLUH MOCTABIEHA U HAXOXKACHUS 00001menHoro peuienusi. OqHako, mpu
HaXO0KACHUH YUCIICHHOTO pelIeHHsI He00X0ANMO S-(PpyHKIHMIO MPHONMKATE MOCIEA0BATEIbHOCTEIO (PYyHK-
uu (HarnpuMep, QYyHKUIUS «KOJIOKOJIBYUKY). B naHHOM maparpade caenaeM mepBblif mar Ajsl YUCICHHOTO
pemenws 3agaan (1), (2).

PaccmoTpum mpumMep mpsMoi 3amaun, B KOTOPOW BMecTo jAenbra-QpyHKiuu [upaka, B3sta QyHKIUS

1 2|x|

m. Omna yZoBIETBOPAET HEKOTOPHIM CBO¥cTBaM jAenbTa-¢yHkiuu Jdupaka. [Tycts g(x) = —5 sign(x).
x

Hamu paccMaTpuBaCTCAd CJICAYIOIIAaA npsamMas 3a1ada
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u,=u_—qxu, xeR,t>0 (20)
1
u |z=O:O’ u, |z:0=_ (21)
2
JIerKo MpOBEpHTH, YTO PEIICHHEM 3TOM 3a1a4u Oy aeT QyHKIHs
t
u(x,t) =— (22)
21
B Hamiem cityyae oOpaTHas 3aa4a BBITJISIUT CIACAYIOLIAM 00pa3oM:
u,=u_—qxu, xeR,t>0 (23)
1
u |z=O: 0, u, |z:0= Al (24)
21
JlononauTenbHAs HHGOPMAIHS O PEIICHHH TPSIMOii 3a1a9u Oy/IeT UMETh CIETYOIIHI BUL
t
u0,t)=—, t2>0 (25)
£

CorracHo pesynbTatam uccieqoBanuii pador C. M. Kabannxuna [2] npsmyto 3amagy (1)—(2) moxHO
3anucath B BUJE 3a1auu ['ypcea:

utt = uxx - q(X)U

1 26
T (26)
|x|<t<2—|x, t<|x|.

[Ipumep (20)—(21) ynosneTBopsiet 3amade I'ypca.
'unep6onuyeckoe ypaBHeHue (26) YHCICHHO peliaeM ¢ TOMOIIBIO Pa3HOCTHOM CXEMBI:

e+ ko kel k ko ok k k
up = 2u; +u Uy —2U; + Ui, Uiy T U 27
72 - 2 ~0,5(¢,1 +9:1) > ’ (27)

[Ipu 7= h nonmy4yaeM cxemy KBaJapar:

k k
P k k k-1 gt g U U
u 1 _ uiH + ui_l _ ui _ h q1+l qz 1 i+1 i-1

' 2 2

(28)

O6nacts ompenenenust kpaapar D = {—1 <x<LO0<t< 2}. CTpouM CeTKy Tak, Kak MOKa3aHO Ha
puc. 1. Pazoobem otpesok [—1,1] ocu x u [0,2] ocu ¢ Ha n 4dacteit, u(i,k) — MHOXKECTBO (PyHKIUH JABYX
apryMeHTOB, Xx; = lh, t, = nAt — y37bI CETKH, /i - IMIar CeTKHW 1o X, Af — miar cetku mo ¢, nl = n + 1 —

n 1
KOJIMYECTBO y3II0B CETKHU, M = [? + 1} — HoMmep y3na ceTku npu x = 0. g(x) = m — 3amaHHas QyHKIWS,
X

r(k) = u(m,k), k=1,2,...,n1 — uckomas ¢pyskuus. Cxema, o KOTOpo# peiraem 3agady ['ypca, mokaszaHa Ha
puc. 2.
AJTOpUTM pelIeHUs] Pa3HOCTHON IPSIMOM 3a1avu:

1) BBIUKCIISIFOTCS 3HAYEHUS HA XapaKTEPUCTUKAX 110 popmyie u; = 0.5

u(i,k1) = 0,5 — 3HaueHue QyHKIMM Ha XapaKTEPUCTHKE CIIEBa,

u(il k) = 0,5 — 3HaueHne QPyHKINN Ha XapaKTEPUCTUKE CIIpaBa.

2) ooxum mm = mm — 1.

3) cTpouM LUK / OT 2 70 # C marom 2.

4) BeraucisieM mm = mm + 1.

5) monoxxum Il = 0.

6) cTpouM LUK 110 k OT 1 10 mm.

7) Berumcisgem [l =[] + 1.

8) ompenensieM HOMEp y3J1a IO HapaBJIeHU o x 1o Gopmyie il =m — Il + 1.

— g ——
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-1 0 1 x

>

Puc. 1. Cxema pemenus npamoii 3agaun. O6nacts D = {—1 <x<l0<t< 2}

-1 10 9 8 7 6 5 4 3 -2 1 0 1 2 3 4 5 6 7 8 9 10 0 |

Puc. 2. Cxema penieHus npsiMoii 3a1auu

9) o hopmyiie
u(il,k+1)=u(il +1,k)+u@l -1,k)—u(il,k—-1)—

_i 1 (q(it +1)+ (i =1))ulil =1, k) + (il +1,k))

BBIYHCIIICM 3HAUCHNS HCKOMOM (DYHKITMH B Y371aX CETKH, PacIlOJI0KEHHBIX CJIeBa y371a i = m. AHAJIOTHIHO
BBIYHCIISIOTCS 3HAYCHUS (DYHKIIMH U B y3J1aX CETKH, PACIIOJIOKEHHBIX CIIpaBa y3ia i = m.

10) Beruucnsiem ip =m + [l — 1.

11) Haxomum

u(ip,k+1)=u(ip+1Lk)+u(ip-1,k)—u(ip,k—1)—

_%hZ (q(ip + 1)+ q(ip = 1))ulip — 1,k )+ ulip + 1,k)).

12) Berancnsiem r(k) = u(m,k). Tak Kak 1o cxeme Mbl HAXOJUM 3HAUEHUS Yepe3 OJHY TOUYKY C IIarom 2,
TO ISl HAXOXKICHHS B KQKIOH TOUKE CETKH HEOOXOAMMO HHTEPIIOJINPOBATD MO YETHIPEM 3HAUCHHSAM:

u(m,k)=025u(m—-1Lk)+u(m+1,k)+u(m,k —1)+u(m,k +1)).

Cocrasnena nporpamma Ha OBM. ®yHknms ¢(x) numeer rpaduk, moka3aHHbeld Ha puc. 3. Pemenune
3anaun (20), (21) mpuBeneHo Ha puc. 4.
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Puc. 3. I'paduk byskunu g(x)

ufxt)

w
e I S =

0
=
(=]

— W npubauseHHoe
=W TO4HOE

Puc. 5

Obpatnas 3amava (23)-(24) ¢ nomonmHutensHOW MH(popmanumei (25) pemena Ha OBM. Ha puc. 5
M0Ka3aHO CPaBHEHHE MPHUOJMKEHHOTO W YMCIEHHOro pemreHus (yukiouu W(x,X) mpu & = 0,01. U3
rpaduka BUIHO, 4TO (QYHKIUS W(xX,X) ONMPEAeIseTcs C TOYHOCTBIO 0 MOCTOSHHOW cornacHo ¢hopmyie (7).
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JI. H. Temipbexosa

CUHTYJISIPJIBIK )KIKTEY MEH OHTAVUJIAH/IBIPY OJIICI HETT3IH/E
TEJIb®AHJIJIEBUTAH TEHJAEYIH CAH/BIK LIEITY

Kympicta KOAQPUIMEHTTI Kepi TrHnepOONaNbIK TEHASYJIepAi LIenIyre apHaJlFaH WHTErpaijiblk [ enbgani—
JleBuTaH TeHneyi KapacThipbUIFaH. benrim Oip ecen ymriH uHTerpangsik [ enbdana—JleBuran TeHaeyiHIH CaHIBIK
HIenry anroputMi Oepimim, Mbicai KenTipinreH. Typa jkoHe Kepi €CeNTiH CaHIBIK IIENIiMi LINIUIN, OHBIH
HOTIOKeNepi Tpaduk TypiHAe KeNTiplIreH.

L. N. Temirbekova

THE NUMERICAL DECISION OF EQUATION GEL’FANDA-LEVITANA
ON THE BASIS OF METHOD SINGULAR OF DECOMPOSITION AND OPTIMIZATION

We consider the Gelfand-Levitan integral equations of solving the inverse problem for hyperbolic equations. We
propose a numerical algorithm of solving of the Gelfand-Levitan integral equations for a problem with a point
source for hyperbolic equation. We construct an example of the problem with a point source. Numerically solved by
the direct and inverse problem, the results of calculations are presented in graphs.
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V]IK 539.3:622.24

JI. A. XAIDKUEBA, B. B. MAJIMHHUKOB, A. b. YMBETKYJIOBA

OB AHAJIN3E HEJIMHEWHBIX KOJEBAHUM BYPOBBIX IIITAHT
C KOHEYHBIMH JE®OPMALIUAMU

Kazaxckuil HaroHaNBHBIN YHUBEpCUTET UM. anb-Dapadu, r. AnMaTs

Uccnedyromess nenunetinvie konebanusi Oypoeou wmaneu Heenybunno2o 6ypenus. [Jonyckaemcsi KOHEWHOCMb YRPYeux
Ooepopmayuii wimaneu. Paccmompenst modenu cocamo-ckpyuyenHou wimaneu u ee naockozo uzeuba. Ilpoeeden amnamus gopm
KOAeOaHUT WMAaH2U, GIUsIHUSL ee NApamMempos U PelCUMO8 ee OBUIICEHUSL Ha KOAeOamelbHblil npoyecc.

CoBepILIeHCTBOBaHKE MOZETeH ABMKEHHS OYpOBBIX LITAHT MPEACTABIACT HAYYHBIA M MPAKTUYECKUN
uHTEpeC U1 He(Te-ra30BOM OTPAciy, TaK KaK U3 MPAKTUKH OypeHHs U3BECTHO, YTO OKOJIO TPETH MPOOy-
PEHHBIX CKB)XKWH OpaKkylOTCS BBUAY TOJOMOK OYpOBBIX WITaHT, JIMOO HApPYHICHUS PEXUMOB OypeHUs
CKBAJKMH M UX UCKPUBIICHUS.

B nmanHo#i palore ncciemyloTcs HEIMHEHHbIE MOJENTH IBIKEHHA OypOBBIX IUTAHI HETITyOWHHOTO
Oypenus (puc. la).

BonbmMHCTBO M3BECTHBIX JUHAMHYECKHX MOAENel OypOBBIX IITAHT JMHEHHBI U OCHOBAHBI Ha JOMY-
LIEHUH MAJIOCTH UX YIPYTuX AedopMannii, TOraa Kak yBeJIMYeHNE AJIMHBI IITAHTH BeJIET K €€ THOKOCTH, U
COOTBETCTBEHHO, BO3MOXXHOCTH HOSIBJICHHS KOHEUHbIX IIEPEMEIIEHUH o] AeiicTBUEM OOJIBIINX EPEMEHHBIX
WHEPIMOHHBIX CHJI 1 MOMEHTOB, OCEBBIX HAIPY30K U Jp. PaKTOPOB, C KOTOPBIMH HEIb3sl HE CUATATHCS.

ITosToMy 37ech paccMOTpeHa HEIUMHEHHOCTb MOJENEH TIE€OMETPUYECKOM IPUPOAIbI, BbI3BAHHAS
JOMYILIEHNEM KOHEYHOCTH Aedopmanrii OypOBbIX ILTAHT.

OOBIYHO B KaueCTBE PAcUETHOW CXEMBI IITAHTH JOCTATOYHO OOJIBIION JJMHBI NPUHUMAETCS CIIErKa
WCKPUBJICHHBI THOKWMU yNpyruil CTepKeHb, 3aKpeIJICHHBIH MO0 KOHUAM. llpu 3HAaUMTENbHOH UIMHE
CTCP)KHSI BIMSHHEM YCJIOBUH 3aKkperuieHus Ha (OpMbI MONEpedYHbIX KoieOaHui U (OpMBI MOTEPH
YCTOMYMBOCTH MOKHO IpeHeOpeub. 31ech Ul ONPENeICHHOCTH CTEPKeHb CUYMTACTCs IIAPHUPHO
OTepThIM 1O KoHIaM. CXeMa ero mpoCcTpaHCTBEHHOTO Ie()OpMHUPOBAHHUS MTpecTaBieHa Ha puc. 10.

R AR

£,=16-26

A

s

AL

1 — anekrpoaBurarens; 2 — Mydra cuerieHus; 3 — kopoOka nepenad; 4 — OypoBast IITaHTa;
5 — OypoBoii cHapsim; 6,7 — IIEKH COCAMHUTEIBHOW My(TB; 8 — MEXaHU3M IOJa4d
OypoBoro craBa B 3a00it

Puc. 1. Kunemarnuexas cxema OypoBoil yCcTaHOBKH HernmyOuHHOTo Oypenust (a) 1 ¢popma u30rHyTOi ocu ee mtaHrH (0)
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JeiicTBytonyie Ha IITaHTYy B TIpolecce OypeHWsl BHENIHHE HArpy3KH IIePeMEHHBI BO BPEMEHHU.
[IpononpHast cuma N ckiagpiBaeTcsi W3 COOCTBEHHOTO Beca M YCWIIHMS IOAAa4YM, KOTOPOE SIBIISETCS
nepuoarueckoi GyHKIMer BpeMeHu. [Ipu BpallleHuy MTaHrd Ha OypOBYIO KOPOHKY (ZOJIOTO) IEHCTBYIOT
CWJIBI COIIPOTHUBIIEHUS CO CTOPOHBI TOPHON OPOJBI. DTH CUJIBI, @ TAKIKE CUIIBI TPEHUS O CTEHKU CKBAXKMHBI
B Cllydae KacaHHs TPEOJOJICBAIOTCS 3a CUET KPYTSIIEro MOMeHTa M, mepenaBaeMoro OT JIBHTATeds.
KpyTsiimmii MOMEHT MMEET MOCTOSIHHYI0O M MEPEMEHHYI0O BO BPEMEHM cocTaBisitomue. [lepuoandeckuii
xapaktep MoMeHTa M 00yCJIOBIE€H M3MEHEHHEM BO BPEMEHHU CHJI CONPOTHUBIIEHHS MOPOJBI, KOTOPHIE, B
CBOIO OUYE€pe[lb, 3aBHCAT OT BeMMYUHBI IpojonabHoro yeunms N. [Toaromy cuna N u kpytsammii MomeHT M
MIPEJICTABIICHBI B BUJE CYMM IIOCTOSIHHBIX (HOMHHAJIBHBIX) U TIEPEMEHHBIX BO BPEMEHH CIIaraeMbIX

N(x,t) = Ny (x) + N, (x) @ (1),
M(x,t) = M (x) + M, (x)®,, (1). (1)

Hns xondurypamuu ynpyroro aedgopmupoBanus ocu OypoBoil mranru (puc.10) u neiicTBusi Ha Hee
MEPEeMEHHON TMPOJOIBHON CXXUMAroImed cuibl N(x,f) U CKpydHuBaromero Momenra M(x,f) pacCMOTPEHO
ypaBHEHHE H30THYTOH 0cH OYpOBOH MTAHTH B paMKax JITHEWHBIX TEOPHU YIIPYTOCTH:

52 vl & oU7l @ ov o
e e L N L s kv =—pF L
o | o axz[ (x )Ox} Gx{ (x )Ox} VTP
0? U | o oVl o oU o'U
e T e s L N L | kU =—pF L )
| Ve ax{ (x )Gx} 8x{ = )Gx} VST e @

2 -~
rae K, = pF®” n npuHuMaloTcs cieayomue 0003Ha4eHUs: ( — CKOPOCTBIO BPAICHUsI OypOBOH ITAHIH;

p — yJenbHag Macca marepuana; [ — 1uiomaap nonepeyHoro cedyeHus; EJy, EJy — KeCTKOCTb LITAHTU
OTHOCHUTEIBHO OCEH y, z; V' — mepeMelieHne TOYeK yNpyrow JUHMM WITaHTH B mockoctd XOZ; U —
MepeMEeIIeHHEe TOUEK YIPYroil TMHUM MTaHry B Iwiockoctu XOY.

VYpaBuenue (2) OymeT HOCHUTh HEIMHEHHBIM XapakTep W 3HAYMTEIHHO YCIIOKHHUTCS, €CIIH OYIyT
YYTEHBI KOHEYHOCTH BEIMYHH AedopManuii.

B pabote B xauecTBe mepBOro NpUOIIKEHUS PACCMOTPEHBI CIy4ar IJIOCKOro U3ruba moj AeHCTBHEM
TIepEeMEHHON TIPOOILHON OCeBOi Harpy3ku N(x,f) W CIydaid CKaTo-CKPYUCHHOH ITaHTH I MaJbIX U
KOHEYHbIX Aedopmarmid. CorllacHO paccMaTpuUBaeMbIX CIIy4aeB, YpaBHEHHS KoieOaHuil (2) MOTyT OBITH
NpUBEACHBI METOIOM pa3JiesieHus nepeMeHHbIX byOonoBa-I"anepkuna [1]:

V(xt)=3 filt Wy(x)
Ulx,t)=Y fi(t)U,(x), )

V,((x)zsin?, U,jx)zsin?

K YPpaBHCHUAM NMapaMCTPUICCKOIO BUJa:

fi+Cif[1-2v,@(1)]=0,

2 2
, Nk:’fﬂ#, Vk:L_ @
! 2(Nk_N0)
f'k+c,3fk[1—zvkq>(t)]+af,3:o. (5)

HenunetinocTh ypaBHeHHS (5) 00yCIIOBICHA yU4eTOM KOHEUHBIX jaedopMaiiuii B paMkax HEITUHEHHON
TeopHuH KOHEUHBIX nedopmanuii B. B. HoBoxwumnosa [2].
Co0TBETCTBEHHO, YPaBHEHHS KOJIEOaHHH CKATO-CKPYIEHHOW IITaHTH OyIyT MPEICTABIEHBI KaK:

— 1] =
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4 3 2
mf, + f,| EJ kT" -M ? ~-N % +K, |=0, (6)

knY' o (knY (kmY

mf, + f,| EJ - M| N T K +af =0, (7
[IpoBenen yucneHHbId aHAN3 ypaBHEHUH (4)-(6) MpH HaYaTBHBIX YCIOBUAX
Si(1=0)=0, %(t=0)=0,001. (8)

W3 cpaBHUTENHHOTO aHAIN3a PE3yJIbTATOB MCCIICAOBAHMS JIUHEHHOH (4) 1 HenuHeHou Moneneit (5)
IUIOCKOTO M3ru0a IITaHTW MOJ NEWCTBHEM CXXHMMAlOIIeHd Harpy3ku (puc. 2) BHOHO, YTO aMIUIUTYZAA
KoJieOaHHit BO BTOPOM Cllydae MEHbIIIE, YeM B JTMHEHHOM MOocTaHOBKe. TO €CTh yTOUHEHUE NTUHAMUYECKON
MoJeny OypOBOI IUTAHTH 3a CUET y4yeTa ee KOHEUHBIX AeopMaliii CBHICTEILCTBYET O HEOOXOAUMOCTH
COBEPILICHCTBOBAHUS TMHAMUYECKUX MOJENIEH U ydeTa 3Toro (akra Ipu pacueTe JOMYCTHMBIX padounx
PEKAMOB MOCIETHUX U PacUeTe UX PECYPCOB HCIOIb30BaHUS.

0,2
0,1

]

0 T T

0 60 120 180 240%9\3_ k
0,1
-0,2
e [IUHEAHAA HeNMHeRHan
k=1

Puc. 2. AMuintya kone6anuid OypoBoii IITAHTM IMHEWHO! U HETMHEHHON Mozerei
npu B, = 0,7-10° MIIa; py=2698,9 kr/m; 1=500M; D;=0,12M; D, =02 M

UccnenoBano BiusiHre (HopM M3rnda MITaHTH Ha aMIUIMTYAy ee KoieOaHWui. Y CTaHOBIEHO, YTO MpHU
OCHOBHOM (hopMe M3rnba amMIUIMTy1a epeMerieHnid OypoBOil IITaHTU MPEBbIIAECT aMIUIUTY bl OONIBIINX
dhopm (puc. 3, THHEHHBINA cTyJaii).

B npaktuke OypeHHs UCTIONB3YeTCs AI0palltoMUHUE. VccliefoBaHms TIOKa3au, YTO AFOPATIOMUHHUEBAS
OypoBasl IUTaHTH MOABEP)KEHa MEHBIINM OTKJIOHEHHSM OT MPSIMOJMHEHHOW (DOpMBI, YeM CTajbHas MpH
TeX e pexxnmax OypeHus (puc. 3a).

HccenenoBano BIWSHUE MapaMETpOB OypoOBOH IITAaHTH Ha €€ KoyeOaTeabHBIA Mporecc. Y CTaHOBJICHO
CYLIECTBEHHOE BJIMSHWE UIMHBI OypoBoil mraHru (puc. 4a) um ckopocTH ee BpamleHus (puc. 40) Ha
aMIUTUTYABl KoJeOaHWW. YBeIWYeHHE AJIMHBI OypOBOM IITAaHTH M CKOPOCTH €€ BpallleHHs BelNeT K
CYILIECTBEHHOMY POCTY aMILUIUTY [ KOJeOaHUH.
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Puc. 3. Bausinue cBoicTB MaTepualla IITaHTH Ha €€ OTKJIOHEHUE
Ipu E, = 2,1-10° MIIa; p, = 7,8:10° kr/m’; E, = 0,7-10° MITa; p, = 2698,9 xr/m’; [ =500 m; D; = 0,12 M; D, =02 m
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Puc. 4. Biausane 9acToTsl 1 JUIMHBI HAa OTKJIOHCHHEC IITAHT'U
npu E, = 2,1-10° MIa; p. = 7,8-10° kr/m*; D; = 0,12 M; D, = 0,2 M

B paGore BBISBIEHO: Ui CXKATO-CKPYUYEHHOH IMITaHTH ¢GopMma M3rnba NMPaKkTHUECKd HE BIMSET Ha
BEJIMYMHBI aMIUTUTY/ ee KojiebaHWi W y4eT HeNMHEeWHBIX (akTopoB (KOHEHYHOCTH jaedopmanuii), He
OKa3bIBACT CYHICCTBECHHOI'O BJIMAHUA HA PE3YJIbTAThI PICCJ'IeIIOBaHHﬁ.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

JIMTEPATYPA

1 BuOpamuu B Texauke. CipaBouHuK B 6-TH T. — M.: MammaocTpoenue, 1978. — T. 1. - 352 c.
2 Hosoxunos B.B. OcHoBEI HenuHeliHOM Teopuu ynpyroctu. — M.-J1.: O3, 1948. — 211 c.

JI. A. Xaoorcuesa, B. B. Manunnukos, A. b. Ymoemxgynosa

BYPFBUIAY HITAHI'THIH AKBIPFBI AEOOPMALIMAJIBI ChI3bIKChI3
TEPBEJIICTEP TAJIJAVYBI TYPAJIBI

Bypreunay ITaHTiHIH CBI3BIKCHI3 TepOemicrepi 3eprrenreH. OHBIH ceprimai AeOpPMaIUsIChIHBIH aKbIPIIBIFBI
eckepinreH. llITaHriHiH >Ka3bIKTHIK HLTy MEH CBHIFBUIBINT OypairaH MOJENbAepl KapacTHIPBUIBIN, TepoOericTep
(opMmamapeIHBIH Tanmaybl jkacanrad. LllTaHriHiH mapaMeTpiepi MEH OHBIH KO3FajbIC PEKAMAEPIHIH TepOeric
MIPOIIECiHe acep eTyiHiH jkoHe TepOermicTep hopMaapbIHBIH TalAAyhI )KYPri3iIreH.

L. A. Khadzhieva, V. V. Malinnikov, A. B. Umbetkulova

ABOUT THE ANALYSIS OF NONLINEAR FLUCTUATIONS
OF CHISEL BARS WITH FINAL DEFORMATIONS

Nonlinear fluctuations of a chisel bar of not deep drilling are investigated. Finiteness of elastic deformations of a
bar is supposed. Models of the is compressed-braided bar and its flat bend are considered. The analysis of forms of
fluctuations of a bar, influence of parametres of a bar and modes of its movement on oscillatory process is carried
out.
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M. JUHEHXAH, I'. I". CAMIYVJITIAEBA, H. XABBLT

OIIPEJEJEHUE CBOVMCTB YK30TUYECKNUX ME30HOB C YYETOM
PEJSATUBUCTUYECKOI'O XAPAKTEPA B3AUMO/IEHCTBHS

Kazaxckuil HallMOHATBHBIA YHUBEPCUTET UM. alb-Dapadu, r. AnMarsl

Ilposedenvr uccnedosanus, paccmampugarowue X(3872) me30H Kaxk uyemvlpexkeapkogoe cocmosHue. B kauecmee
OUHAMUYECKOU MOYKU OMCYema 635ma Mooelb, KOMOopas ONUCbI8Aen CE0UCMEA PEAMUBUCINUYECKO20 C8A3AHHO20 COCMOSHUA.

Buuucnsemess  wupuna  pacnada X —>%+2ﬂ'(3ﬂ'), KOMOPUIl  NPOUCXO0Um — 4epe3  NPOMEICYMOYHOe COCMOAHUE

X - J/}’ + p(@) . llooxooswue snauenus pazmeprozo napamempa Ay X-me301a Mol 635U U3 IKCNEPUMEHMATBHBIX OAHHBLX.

BBenenne. HoBas HeoObluHas yacTulla, mosyuuBiuas HazBaHue X(3872), Obuia otkpeita B 2003 T.
koimabopanueit Belle [1]. Ee cymecTBoBanne He3aBUCHMMO MOATBEPKIEHO B dKcniepumeHTe BaBar [2], a
tarke B 3kcnepumente CDF [3] B @epmmrade pu CTOIKHOBEHHH IIPOTOHOB M aHTUIIPOTOHOB C SHEPTHEH
B cuUcCTeMe LieHTpa Mmacc okoso 2 TaB Ha komnaiinepe Tevatron [4]. HMccnenyst pa3nuuHble KaHalbl

pacmagoB B-mesomoB BT — KX (3872), kosutabopanust Belle [1] oOHapyxuna HeOOJBIIONW TMHK B
paiione 3,872 I»B B pacmpeneneHuH TO Macce CHCTEMBI, COCTOSAIMEH W3 J/y W NBYX T-ME30HOB:
X(3872) > 77 J/y . HoBblif MUK HAXOMUTCS UyTh IIPaBee, YeM XOPOLIO HM3BECTHBIH CHTHAI OT
v (3686) -Me30Ha, KOTOPBIi TaKxke pacmagaercst Ha J/y u aBa muoHa [1]. DTo yKasano Ha KaHaT 06paso-

BaHMWS HOBOW YACTHUITHI, MOMyduBIied HazBaHue X(3872). OdeBmmHO, B-ME30H MOXKET pachajaThCs Ha
X(3872) u K-me30H, mocie dero moutu cpasy ke X(3872) pacmamaercs Ha J/w w nBa Tm-Me30Ha

X387 > Jly.

BbuiM 00HapyKeHbI HECKOIBKO 3HAaueHMi Macchl X-Me30Ha Ha OCHOBe oaHoro 7 7 J/y pacmana.
HauGonee TounsiM m3mepenueM sipnserca M, =(3871.61£0.16+0.19)MeV | a cpeguum 3nauenuem
Macchl X-Me30Ha B3su [3]:

m, =(3871.51£0.22)MeV . )

U3 nabmonenns pacnana X (3872) — y J /v xonna6opauun Belle [5] 1 BABAR [6] 1 u3 yrioBoro
aHaJIn3a BBIMOJIHEHHOTO dKcrepuMmenToM CDF Obuto moka3zaHo, 4To KBaHTOBBIC unciia X(3872) me3oHa JC
MOKeT uMeTh 3Hauenus 17 wam 2. Oxuako, Habmonas pacnag X (3872) — D°D°7z° Belle u BABAR
[7, 8], oOHapykuIH, 4TO 3HAYCHUE 2 'He corjlacyercs co CBOMCTBaMU X-M€E30Ha.

KomnaGopauuss Belle [5] oGmapyxuma pacnag X(3872) > 7'z #°J/w u mokasama, uro
OTHOCWTEIbHAsl INUPHHA JUI1 JAaHHOTO pachaja IOoYTH Takas e, Kak M s MOJbl pacraja
XB82)>rn'n Jly:

B(X 5> x'n n’Jly)
B(X »>x'n Jly)

=1.0£0.4(stat) £ 0.3(syst). ()

U3 3THX pe3yabTaTOB BUAHO, YTO X-ME30H TAK)KE MOKET pachanaThcs Ha Tpu muoHa: @ —> 7 ‘7l
OTH pe3yabTaThl OKA3BIBAIOT CHIILHOE HAPYIICHUE N30CIHHA, TaK KaK TPHU-MMHOHHBIN pacraj MPOUCXOTUT
yepe3 MPOMEXYTOUHBIH -Me30H ¢ wu3ocnuHoM 0, a JABYX-TIMOHHBIM pacmaj MPOMCXOTUT Uepe3
MPOMEXKYTOUYHBIN P-ME30H C M30CIHHOM 1. A TaxKe O4YeHb TPYJIHO OOBSICHUTH ABYX-IHOHHBIA pacmaf,
KOTOPBIH HIET 3a CUET MPOMEKYTOUHBIX P-ME30HOB ¢ mHTeprperareii X(3872) me30Ha Kak 0OBITHOTO
yapMoHMsi CC ¢ wmsocnuHoM 0. MMeercs Heckonbko wuHTeprperanuii X(3872) Me30Ha, OIHAKO B
HACTOsIIIIee BpeMs HanboJiee MHTPUTYIOIIAS 3aj]ava 3aKiaroyaetcs B ToM, uro X(3872) Me30H sBiseTCs
15
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ME30HHOH MOJeKyIoi ¢ sueprueii cessu My — (M po tM Do) =-0.30£0.40 MeV wmwm yersipexxsap-

KOBOE COCTOSIHHE M3 JIBYX IIBETHBIX KBapKOB W M3 JIBYX IIBETHHIX aHTHKBapKoB. MHTepnpeTanus X(3872)
ME30Ha KaK YETHIPEXKBAPKOBOE COCTOSHHME XOPOIIO ONKCHIBACT HMEIOIIUECH OKCIEPHUMEHTAIbHbIE
JaHHbIe, oTy4eHHsbIe u3 pacuanos X (3872) > 7' x z°J /y u X(3872) > x'n J /1y .

B manno#t pabote MBI Oymem paccMmaTpuBath X(3872) ME30H KaK YETBIPEXKBAPKOBOE COCTOSHHUE B
paMKax pensTUBHCTCKON MOJENH CBSI3aHHBIX COCTOSIHUH.

Mopesb, KOTOpasi ONHMCHIBAET CBOMCTBA PeJSITHUBHCTHYECKOT0 CBSI3AHHOIO COCTOSIHHSIL.
OnucaHui0 OCHOBHBIX CBOWCTB 3K30THUECKMX ME30HOB IIOCBAILIEHO HEMaJl0 TEOPETHYECKHX pPadoT.
B pesynbrare 3THX paboT mokazaHo, 4To Me30H X(3872) sBnsercs YeTHIPEXKBAPKOBBIM COCTOSHHUEM

c KBaHTOBBIMHU YUCIaMHU JC =1 u CUMMETPHYHBIM pacnpeneneHueM CIMHA
[cqls-0[€qs +cqlsu[€qlssy, 9 =1sd.

B HacTosmIMit MOMEHT OTCYTCTBYET OOIICTIPUHATHIA PEICT OMUCAHUS MHOTOKBAPKOBBIX COCTOSTHHM.
OnHMM U3 OCHOBHBIX MOMEHTOB SIBJISIETCS ONpeeNieHHe KOHCTAHThI aJpOH-KBApPKOBOTO B3aUMOIEHCTBHS.

ChopmynupyeM 3TO onMcaHUE C ONMHUCAHUEM CBOMCTB JIelTpoHa B pabote Canmama [9]. DToT momxon
YCIEIIHO NPUMEHSIETCS Uil OMMCAHMs CBOMCTB aJpOHOB B HEJIOKaJIbHOM KBapkoBod mozenu [10]. B
HEJIOKaJTbHON MOZENTH KBAPKOB CUUTAETCS, YTO OOBIYHBIE (PM3UIECKHE YACTHUIIBI — aAPOHBI MTOAINHSIIOTCS
cucremaruke rpymmsl SU(3), UMEIOT SKCIIOHEHIIMANEHO HA0II0aeMble MAacChl M OMMCHIBAIOTCSA CTaHIApT-
HBIMH KBaHTOBBIMH TIOJISIMH, yIOBJIETBOPSIONIUM OOBIYHBIM ypaBHeHUsM Jupaxa, Kiefina-I"apaona u mp.

IIpenmomnaraercs, 9T0 anpoHbl (0apHOHBI U ME30HBI) SIBIAIOTCS CBS3aHHBIMH COCTOSHUSMHU KBAapKOB.
OTO TpPenrnoyioKeHHE OSKBUBAJIEHTHO TpPeOOBAHUIO DPABEHCTBA HYJIIO KOHCTAHTHI IEPEHOPMHPOBKHU
BOJTHOBOM ()YHKLIMH apoHOB [9], T.e.

Zy=0. (3)
Bo BTOPOM HOPAAKE TCOPUHU BO3My1].I€HHfI YCJIIOBHUEC CBA3HOCTH 3alIMCBHIBACTCA B CIICAYIOIICM BU/JC!
Z, =1-T1(m*)=0. )

3nech T1(p?) — MPOM3BOIHAS MACCOBOTO OIIEPATOPA a[POHA HA MACCOBOI MOBEPXHOCTH.
YeThIpeXKBapKOBEIH aJpOHHBIN TOK 3aIMCHIBACTCS B BUJIC:

J;q(x)=jdxl...Idx45 x—iwixi D, Z(xi_'xj)z y
i=1

i<j

1 _
Xﬁ weCaec 4, (x4)C7/Scb (x)1g, (x3)y“Ce,(x,)]+ 5
+Hq,(x,)Cy"c,(x)1[q, (x )7/5C59 (x,)1},
6 wWo=w, =w, = M W,=w, =w = e
I7Ie UCTIONB30BaHbI 0003HaueHuss W) =W, =W, =—————— W, =W, =W, =—————
2(m,, +m,) o 2(m,+m,)
3mech 3apsamoBo-conpsbkeHHas matpuna C = 7/07/2: C=C'=C'=-C",cr’'c™" =4I, («t»

ms =S, P,An«» s =V, T).

Tako# moaxoa MPUBOJAUT K (PEHOMEHOTOTHYESCKAM ME30HHBIM JIATPAH)KHAHAM, B KOTOPBHIX ME30HHBIE
BEPILUHBI OMPEACIAIOTCS KBAPKOBBIMH METIISIMH.

OddexTuHblii JlarpanknaH, KOTOPBI ONUCHIBAaET B3aUMOAEHCTBUE X, ME30HA €€ C COCTABIAIOIIUMU
KBapKaMH, 3alMChIBACTCS B BUJIC:

— H —
L,=gx X, (x)Jy (x) q=u, d (6)
YcinoBue (2) MO3BOJIACT ONPCACIINTE KOHCTAHTHI CBA3U g aIPOH-KBAPKOBOTO BBaHMO,Z[efICTBI/IH.

[Ty =g T, (p*)+ p*p" TIV (p?),

1 14 1%
M (") =5 8w —l% I (). ™

— 1§ ——



Cepus usuxo-wamemamuueckas. Ne 1. 2012

2
BepIHI/IHHaﬂ (bYHKI_II/IH O X[z(xi —X j) ] BBIYUCIACTCA C IMOMOIIBIO COOTBETCTBYHOIIHUX KOOpAWHAT
i<j
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X
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q)X(Z(xi_xj)zJ:H[ & e ™ XDu(p,....py),
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31€Ch MbI BOCIIOJIB30BaJINCh 0003HaYEHUSIMH
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_ 1 3 i§ AP
2 _ P 2
D)=, LI [dpe™ @, (#)

3 3
2 2 2 2
rae (2 :Za)i’R :Zpi.
i=1 i=1
Koopaunatsr Slkoou

P~ D, P+ p,+2p;
= 0, =—F—. (9)
o2 T 22

st yno6cTBa B BBIUMCICHUH BEPIIMHHYIO (YHKLHMIO BBIOMpaeM B ['ayccoBckoM Buae

D, (-Q%)= eXP(Q%\z j : (10)
X

[Tapametrp Ay Xapaktepusyer pa3smepsl X Me30Ha. JlmarpamMma MaccoBoro omeparopa X,-Me30Ha

MmoKaszaHa Ha puc. 1.
c
X u. X
_u
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()= p 2o X(p>—2gX<w ””p“>Hj B RIE

{_Wctr[S[IZ]pS[IZ]y55[2] 5 ]II”[SD] ,US[13] V] +w tr[S[IZ]j/SS[z]pS[Z ]tr[S[3] VS [13] V]
—w [ pSIP Y S pSCly Sy 1w, [ S1Y S T Sy S pS I Ty, (1
A€ MBI HCITOJIb30BAJIM COKPAIICHUA
SL[‘IZ] = Sc (kl + kZ - ch)ﬂ SL[S] = Sc (k3 - wcp)ﬂ S(Ez] = Sq (kZ + qu)a

SUT =S (k +ky | +w,p), K* :%(k1+2k2)2+%(k1+2k3)2+%k12.

Teneps Oyznem paccMaTpuBaTh /-IETIEBOM HHTErpal

[P p,) = [ KT [0, K2 TS, R + 00,

i=1 i3=1

rac Kl? Z(ktlin + Ul +n
3al'II/IIHCM mporaraTop KBapka B IIpE€ACTaBJICHUN H_[BI/IHFepa
S(k)y=(m+b)[dp e, (12)
0
Nwmeetcs
q)i+n(_K2)=eXp[ﬂi+nK2] i:L"'am’ (13)
rac napamMeTp ﬂi+n =5, = %\2 CBs3aH C pasMEpaMu X-Mme30Ha.

Honyqaﬂ HUHTErpaJibl IO METIISIM
M= [d"BF(B,... B,), (14)
0

rje noa F mompasymeBaeTcs Iieas CTPYKTypa JaHHOH jguarpammbl. Psj mapamerpos Illsunrepa /3,
MOYKHO NPUBECTH B CUMIIIIEKCHI, BBOJIS AOTIONHUTEIbHBIN apamMeTp ¢

lszté(t—iﬂ,.} (15)
0 i=1

KOTOPBII IPUBOAUT K
@© 1 n
H=jdﬁ"‘ljd”aé‘(l—ZaijF(tal,...,tan). (16)
0 0 i=1
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. |
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TAC MBI 006pan1/1 BCE HECJIOKAJIbHBIC raYCCOBCKI/IC BCPIINHHBIC (l)yHKLII/II/I B (1)aKTop e’ OTMGTI/IM, qTo,

kg, pr — MOMEHTHI B DBKIIMAOBOM TpocTpaHcTBe. [lomydast HHTerpastbl 1Mo MeTIsIM,

IL,(p >=£dt(s+

1
t st
2J-aloz exp| —tz,,. +——z, |,
Ny s+t

2
Zy =m’ —a(l-a)p’, z {a—%) p. (18)

B nanHO#1 paboTe BBIYUCISIOTCS MaTpUYHBIE SJIEMEHTHI Tepexona X —> J/P + p(@) . CooTBeTCTBYIO-

HII/Iﬁ ManH‘-IHBIﬁ QJICMCHT I3TOTI'0 pacriaga 3allMCbIBACTCA B BUJC!:
M*” =( X, (p ) > Vi (@:7) +0°(43, ) ) =
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(2)ZI(2ﬁ)l O, (-K7) /(( %)JU((Q 2%))
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C nomo1ipi0 MaTpryHbIX d5eMeHTOB (19) mmpuny pacnaga X —> % +27(37), KOTOPBIA TPOXOAUT
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dq’ Smym 3 o | r (my—q*) +T,m,

B(U — nr), (20)

TIeE
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1
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OIrpaHUYICHUA
my —(m% -m,)=-0.90£0.41 MeV.
v

PerynupyembiMu napaMeTpaMu SIBIISIOTCS MacChl KBAPKOB 71, U pa3MepHbIE HapaMeTpsl A, Ay. Mel
WU3MEHMJIM TTapaMeTp Ay B OOJIBIIOM HHTEpBaie U HAXOAWIH, YTO OTHOIICHHE:

(X, - /g +37)
(X, - /g +27)

SIBIISIETCSL JIOBOJILHO CTAOMJIBHOW 1O mepeMeHHbIM Ay. CleaoBaTenbHO, UCMONB3Ys 3TOT PE3ysbTaT H
CYIIECTBEHHOE DKCIIEPUMEHTAIBHOE 3HAUEHUE, KOTOPBIN ITOKa3aH B (2), HAXOIUM

J 2
F(Xz,u—)/{,+3ﬂ')z0.25x(mj » o)
rx, —)%+27z’) IFtand

KoTopblit naetr @ ~+18.4" g X; («+») u Xj, («—») COOTBETCTBEHHO. DTH 3HAYEHHS] XOPOIIO COBIAIAIOT C

~0.25 (21)

pesynbraramu B [11,12]: € = £20° u 6 =~ £23.5° . [llupuna pacnaja sBISETCS OUYEHb YYBCTBUTEIBHOM 10
M3MEHEHHIO TTapameTpa Ay.
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M. Hineiixan, I'. I'. Cauidynnaesa, H. Xabwvin

OK30TUKAJIBIK ME3OHAAPABIH KACUETTEPIH ©CEPJIECY IIH
PEJIATUBUCTIK CUITATBIH ECKEPE OTBIPBIIT AHBIKTAY

bi3 X(3872) Me30HBIH TOPT KBapKTEH TYpaThIH O6JIIeK PETiHe KapacThipa OTHIPBII 3epTTeyiep Kyprizmik. O

YIIIH PEIATUBKCTIK GallIaHBICKAaH KYMIEPOiH KaCHETTEPIH CHUMATTANTHIH MOIENbII KONAAHIbIK, X —> J/P + p(w)

apanblK Ky#i apKbUIBI JKy3ere acatbln X —>‘%P+27Z(37Z) BIIBIPAYBIHBIH €Hi ecenTen TaObuimsl. X(3872)

ME30HBIHBIH Ay 6JIIIEM NapaMeTpiHiH KaKeT MOHIepi TOKIPHOEIIK MATIMETTEpCH aJIbIH IbI.

M. Dineikhan, G. G. Saidullaeva, N. Khabyl

THE PROPERTIES OF EXOTIC MESONS
WITH RELATIVISTIC CHARACTER OF INTERACTION

We explore the consequences of treating the X(3872) meson as tetraquark bound state. As dynamical framework
we employ a relativistic constituent quark model which includes infrared confinement in an effective way. We

calculate the decay width of the observed channels X —>‘%P+27r(37z) via the intermediate off-shell state

X - %+ p(w) . For reasonable values of the size parameter Ay of the X(3872) we find consistency with the

available experimental data.
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NEUTRON SCATTERING FOR CONDENSED MATTER SCIENCE

'Frank Laboratory of Neutron Physics, JINR, 141980 Dubna, Russia
*Faculty of Physics, Al-Farabi Kazakh National University, Almaty, Kazakhstan

Present review gives neutron scattering methods and several recent examples of traditional and novel application of neutron
methods at the IBR-2 to address the problems of practical importance. Some results in nano and functional materials
development, engineering applications, improvement of fuel cells are briefly outlined.

Keywords: new materials, neutron scattering, neutron diffraction Ilpoeepero na kas. u pyc. s3.

PACS: 81.70.-q; 81.05.Zx, 89.20.Bb; 07.88.+y; 61.05.fin; 61.05.fg

Introduction. If one compares the brightness of different radiation sources, it appears that even the
best modern neutron sources produce just a bit more neutrons than a candle produces photons. The
brightness of synchrotron radiation sources is more than 10 orders of magnitude higher. Meanwhile, the
next generation neutron sources, like SNS in USA [1], JPARC in Japan [2] are being commissioned and
started first runs for experiments, and the projected ESS in Europe [3] for nearly future. This is because
the science, which can be made with the use of neutron beams, is in many cases unbeatable or even
inaccessible for any other methods. This is because neutrons possess some specific properties. The
absence of electric charge allows neutrons to penetrate deep into materials (up to several cm in steel!) and,
therefore, to probe the bulk properties and to use complex sample environment to create necessary
conditions at a sample under study. Small cross section of neutron scattering makes it possible to apply the
first Born approximation for data analysis and to investigate biological and other objects without risk of
radiation damage. Anomalously large magnetic moment of the neutron makes it a very efficient tool to
examine different magnetic properties on a microscopic scale. Wavelength of thermal and cold neutrons
(0.5-20 A) and their energies (from micro electron volts to several hundred milli electron volts) are very
well suited for exploration of crystal and magnetic structures and for investigations of atomic and
magnetic elementary excitations. Last but not the least, neutrons are scattered by nuclei, not by electronic
shells of atoms. Therefore, the interaction of neutrons with the elements is isotope specific. Different
isotopes of the same element can have neutron scattering length (principal constant characterizing nuclear
scattering of neutrons) not only of different values, but can also be of different sign. For example,
hydrogen has a negative neutron scattering length (—3.74 fm) while its heavy isotope deuterium has a
positive one (6.67 fm). One can immediately observe it by mixing hydrogen-containing materials with
their deuterated forms, which makes it possible to vary the average value of neutron scattering amplitude.
At a certain relative concentration of protonated and deuterated materials the scattering amplitude can be
made equal to zero. This procedure is called contrast variation technique and it is widely used in the
neutron scattering studies of complex hydrogen-containing systems, like biological objects, polymers,
complex liquids, etc. Contrast variation allows one to cancel the neutron scattering signal from the
selective parts of the system (again, by proper mixing of protonated and deuterated forms of these parts)
while increasing the signal from the parts, which are relevant for the study.

These properties of the neutron have made it possible to perform a broad variety of basic studies of
condensed matter properties. One can mention pioneering work on observation of antiferromagnetic
structure in MnO [4], first measurements of phonon dispersion curves in aluminium and germanium [5, 6],
localization of protons in hydrogen bonds [7]. Until now many complex problems of condensed matter
science have been successfully solved using different neutron scattering methods. However, at the end of
the last century and, especially, today the applications of neutron techniques for solving different problems
important for industrial and technological development of modern societies started to play more and more
important role.

In this review some of the results obtained at IBR-2 reactor, Joint Institute for Nuclear research
(JINR), Dubna, using neutron scattering methods, neutron radiography and tomography will be discussed
briefly.
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1. IBR-2 reactor -for condensed matter studies. IBR-2 reactor is the main basic facility at Joint
Institute for Nuclear research (JINR), Dubna dedicated to condensed matter research. The IBR-2 operates
as a fast pulsed reactor. Its main distinctive property, which makes it differ from other nuclear reactors, is
the mechanical modulation of the reactivity by means of a movable reflector. IBR-2 is the most intense
pulsed neutron source in the world (IAEA-TECDOC-1439, February 2005). Producing a record neutron
flux of 10'° n/cm® /s in the pulse, the IBR-2 reactor is also an economical and relatively inexpensive
facility. Activation of the equipment and the burn up of the active core are slow due to the low mean
power. The IBR-2 reactor is mainly used for investigations in the fields of condensed matter physics
(solids and liquids), biology, chemistry, Earth and materials science. Operating experience has shown that
it is a very effective neutron source; in most areas of application it compares well with the best neutron
sources based on proton accelerators. At present, this experience is of special importance in connection
with the increasing interest in long-pulsed neutron sources.

The IBR-2 has some specific features which make this facility very efficient for experiments which
require:

* Broad momentum transfer range

* Broad energy transfer range

* Fixed scattering geometry

+ Simultaneous measurements of elastic and inelastic scattering

» Tight collimation of the neutron beam.

Different experimental techniques, many of them unique, have been developed at the IBR-2 reactor to
study the properties of condensed matter. In recent years, IBR-2 spectrometers have provided important
results in determinations of the precise structure of high-temperature superconductors and colossal
magneto-resistance compounds, and in studies of the peculiarities of elementary excitation spectra in
superfluid helium. Work to investigate the spatial structure of ribosomes and biological membranes and to
model biologically related objects has been performed. At the present time, applied investigations are
being actively developed. Analytical work aimed at solving problems in the field of environmental
protection (bio-monitoring of industrial regions, multi-element analysis of atmospheric aerosols) is being
carried out using neutron activation analysis. At the FSD spectrometer, investigations of internal stresses
in metals by neutron diffraction have been started. The high penetrating power of neutrons makes it
possible to find internal defects and to determine stresses in components that cannot be studied using
traditional non-destructive testing methods.

The user policy at the IBR-2 allows specialists from different organizations to gain access to the
experimental facilities.

The long-standing experience of using pulsed nuclear reactors in Dubna shows that these facilities are
effective and economical, and that they offer unique possibilities for neutron investigations in many fields
of modern science. These reactors play an important part in forming ideas and providing technical
solutions when creating new neutron sources all over the world. The successful operation of the IBR-2
reactor for more than twenty years provided the basis for the development of a new trend — the creation of
long-pulse neutron sources. This provides reason enough to further upgrade the IBR-2 pulsed nuclear
reactor.

2. Condensed matter research with neutrons. The main goal of the research in the field of neutron
scattering studies of condensed matter is the investigation of the fundamental principles and driving forces
of the self-organising structure formation of atoms and molecules; transformations of these assemblies
under the influence of external forces and variable field conditions; studies of microscopic dynamics of
such structures and the search for correlations between structure and microscopic dynamics with
macroscopic properties and/or the function of the objects under investigation[8].

Available resources and manpower will be concentrated in the following priority research fields:

e Nanostructures.

e Biopolymers, Biomedical applications.

e Strongly correlated electronic systems. Magnetism and superconductivity.

e Materials, Earth and Engineering sciences.

2.1. Nanostructures. Nanostructures — structures having dimensions of 1 to 100 nm. Novel behaviors
associated with the nanoscale are not merely the result of orders-of-magnitude reductions in size, but are
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caused by the emergence of genuinely new phenomena. These include the effects of confinement on
electronic structure, the dominance of interfacial and surface phenomena (in contrast to bulk effects) with
increasing surface-to-volume ratio, and purely quantum effects.

Nanoscience is positioned at the crossroads of several traditional academic disciplines like physics,
chemistry, biology, computational science and engineering. Nanoscience covers topics such as self-
organizing and self-assembling organic and inorganic materials, nano-structured alloys and composites,
advanced functional polymeric materials, ultrathin films, quantum dots, nanotubes, nanocrystals, etc.

Apart from the scientific interest, a major driving force behind the research in nano-systems is the
prospect of wider technological applications.

Neutron scattering offers unique capabilities for the exploration, characterization and finally for the
understanding and control of nanostructures. Nanoscale systems and devices involve complex materials
usually containing different nanophases. Their structure can be unraveled by neutron scattering and in
particular by small-angle neutron scattering (SANS). The large cross-section difference for hydrogen and
deuterium enables H/D labeling studies of complex “soft”, biological and “soft-hard” nanosystems. Many
nano-devices contain magnetic phases and neutron scattering has proved to be the unique tool for the
investigation of the magnetic structure of matter, both static and dynamic.

Recent examples of the successful application of neutron scattering at IBR-2 to address these problems
include studies of fullerenes in solution, magnetic liquids, branched polymers, nano-diamonds and other
systems.

2.2. Biopolymers, biomedical applications. Crystallography, SANS and inelastic scattering of
biological molecules make major contributions to their structure analysis. Neutron scattering provides a
unique approach as a non-destructive and non-adsorbing probe, with contrast variation involving H/D
exchange. For multi-component systems (like ribosomes, extensively studied at the IBR-2 reactor),
information about the distribution of the components has been obtained by variation of the D,O content in
solution. Moreover, specific deuteration allows selected parts of macromolecular structures to be
highlighted and analyzed irn-situ.

The dynamics of biological molecules remains difficult to characterize and are still poorly understood.
But this aspect is of great importance for biological function and activity. Neutron scattering is perfectly
and uniquely suited to the space-time window of biological macromolecules. Protein function and activity,
enzyme catalysis, ligand binding, receptor action, electron and proton transfer are strongly dependent on
the internal dynamics and conformational fluctuations. Dynamics experiments probe the forces that
underpin a molecular structure and its fluctuations and in chemistry they provide a stringent test for a
structural or interaction model. Recent work performed at IBR-2 in this direction, combined with
molecular dynamics simulations, and has received an encouraging JINR prize.

Membrane biophysics studies on the molecular scale are crucial for understanding the self-
organization processes which underline many functional aspects of the membrane, in particular membrane
transport, molecular recognition on surfaces and adhesion between cells and substrates. Experiments
performed at IBR-2 on model lipid membranes, vesicules and objects mimicking real biological
membranes have already proved of great potential in such research.

2.3. Strongly correlated electronic systems. Magnetism and superconductivity. Almost everything we
know about magnetic structure — from the early demonstration of antiferromagnetism in simple systems to
the complex magnetic structures being developed by hard magnets — has come from experiments with
neutrons. Similarly, polarized neutron reflectometry provides unique access to surface and interfacial
magnetism in thin films and multilayers. Neutrons have provided the definitive crystal structure of high
temperature superconductors, which serve as the basis for all considerations of the mechanism of
superconductivity and have led to the production of better quality materials. Experiments performed in
this direction at FLNP were not just of world class quality, but often have been pioneering and opened
new research directions.

2.4. Material, Earth and engineering sciences. Neutron scattering has established itself as one of the
most important tools for the analysis of materials. Metals, ceramics and their composites, semiconductors,
superconductors, nanophase materials, liquids, polymers, concrete, biomaterials as well as many other
materials have been analysed with great success using neutron scattering. In many situations neutron
scattering is an indispensable tool, since no other method provides information within the same space-time
window. Neutrons are well suited to non-destructive studies of components in their as-fabricated and in-
23
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service condition. At the same time, neutrons take a volume average such that results relate to the
properties of real materials. Whenever new materials become available, neutron scattering plays a key role
in providing a microscopic understanding of their structural, dynamic and magnetic properties. Examples
which come from IBR-2 experiments cover high-T, superconductors, giant magneto resistance
compounds, fullerenes and other materials of present interest. Results of engineering research on real
industrial components at IBR-2 were highly appreciated and their authors have received a number of
prestigious awards.

The use of neutron scattering by the Earth Sciences community has a relatively short history, but it is
now clear that the potential of neutron scattering methods for the solution of Earth Sciences problems,
including many environmental problems, is enormous. For example, texture, defined as preferred
orientation in a crystalline material, carries a fingerprint of the rock’s history. Quantitative texture
analyses provide fundamental information for the modeling of rock anisotropies and reconstruction of
tectonic events. At IBR-2 the following problems of fundamental character are being studied:

* Origin of the seismic anisotropy of the lithosphere of the Earth.

* Metamorphic, geo-dynamic and evolutionary processes in the lithosphere of the Earth on the basis
of the crystallographic textures of deep and surface rocks.

* Kinetics of phase transitions in minerals and rocks and its relation to the origin of seismic activities.

3. Engineering applications. Russian RBMK-type nuclear power reactors use in their construction
bimetallic adaptors, which connect stainless steel tubes with zirconium alloy tubes. Connection is made
using the so-called cold welding technique. For this purpose the end part of zirconium tube is made cone
shaped with a set of teeth on its outer part. Correspondingly the steel tube inner part is cone shaped with
the set of teeth matching the shape of zirconium tube. Then both parts are connected in a vacuum at a
temperature of 900°C. Since the thermal expansion coefficient of steel is about 3 times larger than that of
zirconium, then on cooling a tight connection of two parts is realized. At the same time this process leads
to the generation of significant residual stresses in the connection area. These stresses can potentially
cause the formation of microcracks and the reduction of service period of the adaptor.

The high-resolution neutron diffraction method has been employed to measure the residual stress
tensor in a set of cross sections of the adaptor joints [9]. It has been possible to identify regions, which are
the most dangerous from the viewpoint of fatigue failure. Moreover, on the basis of measurements the
recommendations have been made on how to reduce the dangerous stresses in the adaptor, and
consequently to increase its service life and to improve operational characteristics by using an additional
heat treatment procedure.

4. Fuel cells. Fuel cells convert the energy of chemical reactions inside them into electricity. Many
laboratories around the globe are involved in the construction and optimization of different fuel cells, as
they promise to become a source of clean energy. A typical fuel cell consists of a proton-conducting
membrane to both sides of which porous electrodes are attached. This structure is enclosed into a
container with specially machined channels to ensure the flow of chemical reactants and removal of the
reaction products from the cell. The efficiency of fuel cell operation is strongly dependent on the
uniformity of reactant flow and therefore it is very important to investigate this process in situ inside the
real device. Such an opportunity is provided by the neutron imaging technique. In [10] the investigation of
direct methanol fuel cell is presented.

From the anode side of the cell methanol is fed and diffuses through a porous medium to the
electrochemical active electrode. After oxidation of methanol carbon dioxide is formed as a reaction
product, which needs to be removed from the anodic compartment. Protons generated due to the chemical
reaction diffuse through proton-conducting membrane to the cathodic volume, where they react with the
flow of oxygen and water is obtained as a reaction product. This water also needs efficient removal from
the cell. So, carbon dioxide from anodic side and water from the cathodic side may affect the efficiency of
fuel cell operation. Neutron imaging has allowed the observation of flow field inside the real fuel cell to
be monitored during the cell operation. It has been observed that carbon dioxide indeed blocks some
channels for methanol supply. It has also been found that the problem might be partially cured by an
increase of mass flow. But still the geometry of channels in the fuel cell used has not made it possible to
distribute mass flow homogeneously. The results obtained have stimulated further studies of alternative
channel geometries and quantitative characterization of this liquid layers inside the cell.

— 4 ——



Cepus usuxo-wamemamuueckas. Ne 1. 2012

5. Neutron radiography and neutron tomography. As mentioned in the introduction, neutrons can
easily penetrate through materials composed of heavy elements, while hydrogen scatters thermal and cold
neutrons strongly. This fact is the basis for non destructive investigation of hydrogen-containing materials
inside metallic or other hydrogen-free enclosures using the neutron imaging methods.

Cultural heritage. Neutron radiography and neutron tomography provide unique opportunities for
non-invasive investigations of historical artifacts. In combination with the traditional X-ray imaging the
results obtained contain extremely rich information about authenticity, period of origin, manufacturing
details and previous restoration works. This is because X-rays are extremely sensitive to the metal parts of
the objects, while neutrons have a very high contrasting capability for organic materials, including wood,
textiles, leather. In [11] a number of examples are presented on the basis of research performed at PSI, Switzerland.

In particular, neutrons revealed resin parts in the old dagger as a result of earlier restoration works on
this object. Also indications of ornament on the knife edge became visible in the neutron light.

Another example is the investigation of Roman bronze sculpture. Because of high lead content in the
bronze material the inner structure of the object is only visible with neutrons.

Yet another interesting artifact study presented in this publication was a heavily corroded finger ring.
The question to be answered was whether the inner structure of the ring contains a gem stone or, at least, a
structure for fixing such a stone. Traditional methods of investigations could not clarify this point. Neutron
tomography results clearly revealed spherical hole in which the presently missing gem stone was fixed.

Conclusions. Obviously, the examples presented above are not comprehensive and, of course, are
biased by personal preferences of the author. Nevertheless, it seems that even in this form the breadth of
existing and potential new applications of neutron-based methods is clear. The next generation neutron
sources will open completely new opportunities, which are not feasible now. Meanwhile the role of
smaller neutron facilities will not diminish as they will form the basis for testing new ideas and will
continue to contribute considerably to the presently well established fields of research.

REFERENCES

1 http://neutrons.ornl.gov/

2 http://j-parc.jp/MatLife/en/index.html

3 http://www.neutron-eu.net/

4 C.G Shull, J.S.Smart, Phys. Rev., 76, 1256-1257, (1949); C.G.Shull, W.A.Strauser and E.O.,Wollan, Phys. Rev., 83,
333-345 (1951).

5 B.N.Brockhouse, A.T.Stewart, Phys. Rev., 100, 756- 757 (1955).

6 B.N.Brockhouse, P.K.Iyengar, Phys. Rev., 108 (3), 894-895 (1957).

7 H.A.Levy, S.W.Peterson, Rev. Mod. Phys., 30 (1), 101 (1958).

8 S.H.Kilcoyne, Physica B, 350, 91-97 (2004); M.Al-Jawad, P.Manuel, C.Ritter,, S.H.Kilcoyne, Journal of Physics
Condensed Matter, 18 (4), 1449-1458 (2006).

8 A.V. Belushkin Scientific Programme of the Frank Laboratory of Neutron Physics, Dubna, 2010-5, 2010

9 A.V.Tamonov, V.V.Sumin, J. Neutron Res., 12 (1-3), 69-73 (2004).

10 D.Kramer, E.Lehmann, G.Frei, P.Vontobel, A.Wokaun, G.G.Scherer, Nucl. Instr. Meth. Phys. Res., A542, 52-60 (2005).

11 E.H.Lehmann, P.Vontobel, E.Deschler-Erb, M. Soares, Nucl. Instr. Meth. Phys. Res., A542, 68-75 (2005).

M. Hunetixan, /. Caneaa, A.B. benywkun, /I.T. A3nabaes, b. Myxamemynol
PACCESIHUE HEUTPOHOB B ®U3UKE KOHIAEHCHUPOBAHHBIX CPE/]

JlanHbIi 0030p paccMaTpuBaeT METOJIBI IO HEHTPOHHOMY PacCestHUIO M HECKOJIBKO HETaBHUX IPUMEPOB TPaIH-
LUOHHOTO U HOBOTO MPUMEHEHUN HEHTPOHHBIX METOAOB Ha peakTope UBP-2 mns pemeHus npakTHUeCKH BasKHBIX
3agad. HekoTopsle pe3ynbTaTel B 00JIaCTH Pa3BUTHS HAHO- W (PYyHKIMOHAIBHBIX MAaTEPHAIOB, MHKCHEPHBIX MPHIIO-
JKEHUH, COBEPIIEHCTBOBAHNS TOIUTUBHBIX 3JIEMEHTOB M3JI0KEHBI BKPATIIE.

M. Hinetixan, /]. Caneaa, A.B. benywxun, /[.T. A3nabaes, b. Myxamemynoi
HEPITPOHZ[API[LIH KOHIOIEHCHUPJIEHI'EH OPTA ®U3UKACBIHIAFBI ITAIIBIPAYBI

Ocpl mony HeHTpoHAapAs! mambipaTy, VMOKP-2 KOHIBIPFBICBIHAAFH! iC JKY31HIE MaHbI3/IBI €CENTEepIiH MIenimi
YIIiH HEHTPOH OMICTEPiHIH ASCTYPII KOHE KaHa KOJJIaHyJapbhIHBIH OipHEIe KaKbIHA >KacaIbIHFaH MbICaapblH
KapacTeIpasl. JJaMbITy IbIH TOHIpETiHIeT1 KelOip HOTHXKeIep HaHO- KaHe (DyHKIMOHAJIBIK MaTepHaniap, HHKeHep-
JIK KOCHIMIIIANIAP MEH JKaHapMai AIeMEHTTEPiH )KeTUIIIPY Typabl KbICKAIIa aifTEUTFaH.
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I I IMTBUHEHKO', H. I'. INTBUHEHKO', H. 3. MYKAILIEB®

O ITIPAKTUYECKOM ITIOCTPOEHHUH Y?ABHEHHfI,
OIINCBIBAIOIIUX 3ABUCUMOCTD YIAEJIBHOU CKOPOCTH POCTA
MHUKPOOPI'AHU3MOB OT PA3/IMYHbBIX ®AKTOPOB CPE/IbI

'MucturyT MatemaTuku, nHpopmaTuky 1 Mexanuku KH MOH PK,
*TOO «I'pasby, I. IKUbGACTY3

Ilpugedenvl pe3ynomanmel meopemueckoz0 aHamu3sa cyuecmayiomux cnocob08 Mamemamuiecko20 OnUCAnUus 3a6UCUMOCIU
VOeNbHOU CKOPOCU POCA MUKPOOUOIOSUHECKUX RONYAAYULL O (hakmopos cpeowi.

Co3maHne HOBBIX M HHTEHCHU(DMKALUSA CYIIECTBYIOIIMX OMOTEXHOJIOTMYECKUX IIPOLIECCOB CTABUT
nepesa OMOTEXHOJIOTNYECKOH HayKOW MPUHIMITMAIEHO HOBBIE HAyYHO-TEXHUYECKUE 3a1a4yn. B yacTHoCTH,
3TO MOCTAHOBKA 3aJay MO ONTHMM3ALMHU IPOLECCOB MUKPOOHOIOTHUYECKOT0 CHHTE3a U pa3paboTKa CIIo-
c000B WX pereHHs.

CrpemiieHHEe K ONTHMAIBHOMY YIPABICHUIO OWOTEXHOJOTHYECKHMMH TMPOLECCAMH MPUBOIUT K
HEOOXOJMMOCTH CONOCTABIICHHSI PA3IMUHBIX BapUaHTOB MX OCYLIECTBICHUs. B psine ciydaeB BO3MOXKHO
HETOCPEICTBEHHOE CpaBHEHHE OMOTEXHOJOIMYECKUX MPOLIECCOB, KOTOPHIE MCIIONB3YIOTCS Ha ACHCTBYIO-
HIMX TPEANPUATHIX WK UX aHAJloraxX B 1a0OpATOPHBIX MM OMBITHO-IIPOMBIIUICHHBIX yCIOBUsIX. OIHAKO
B CIIOKHBIX TEXHOJOTMYECKHUX TMpoleccax MOJOOHbIE METOABl HMMEIOT [OCTaTOYHO OrpaHUYEHHBIC
BO3MOXKHOCTH, TPeOYIOT OONBLIMX MAaTEpUABHBIX M TPYAOBBIX 3aTparT, SIBISIOTCS IUIMTENBHBIMH JTHOO
BOOOIIE HEPEATN3YEMBIMH.

B 310l cutyaumu pemaromiee 3HaYeHHE MPHOOPETAeT APYTod MyTh UCCIENOBaHUS MUKPOOHUOIIOTH-
YEeCKUX MPOILECCOB, KOIZA PEabHBIA IPOLEcC 3aMEHSETCS €ro aHaJloroM, BBIPAKEHHBIM B BHUJC
MaTeMaTH4ecKoil Mozenu. B 3ToM citydae 0OBEKTOM HCCIeOBaHHSI CTAHOBUTCS MaTeMaTnieckas MOJeb,
YTO TIO3BOJISIET BBISIBUTH KAaYeCTBEHHBIC M KOJHYECTBEHHBIC B3aUMOCBS3M (aKTOPOB, BIMSIONIMX Ha
npouecc. HaiiTu ontumanbHble YCIOBUS BEACHUS MPOLECca, OUEHUTh €ro MOTEHIMaIbHbIE BO3MOKHOCTH
U CTETEeHb OTKJIOHEHHS TEKYILEro COCTOSHUS MPOM3BOACTBA OT ONTHUManbHOro. CyIIeCTBEHHO COKPATUTh
BpeMsI M 3aTpaThl Ha U3yUYEeHHUE U ONTHMHU3ALIMIO IIpoIiecca.

OpHako HEOOXOAMMO OTMETUTh, YTO MaTeMaTHUECKas MOJEINb SBISIETCS HAJEKHBIM HHCTPYMEHTOM
JUIS ONITUMM3ALUH IPOLECCOB MUKPOOHOJIOIHYECKOTO CHHTE3a TOJBKO B TOM CIydae, ecH JIOMyLIeHHUS,
IIOJIOXKEHHBIE B €€ OCHOBY, B IIOJHOH Mepe OTBEYar0T OCHOBHBIM CBOMCTBAM MOJEIUPYEMOH CHCTEMBI.
Ecth ocHOBHasi THNU4YHAs OMIMOKA, KOTOPYIO cCIelyeT MMETh B BHJIY, NPUMEHSS MaTeMaTh4ecKoe
MoJenupoBanue B Mukpoouonorun. Cama 1o cede oHa JOCTaTOYHO OYEBHIHA U 3aKIIOYACTCS B TOM, YTO
IIPY MOJICJIMPOBAHUU MUKPOOHOJIOTMYECKUX HPOLIECCOB 0UYEHb YaCTO MEXaHMUECKH MCIIOIb3YIOT TOTOBbIE
pelleHrs] B OCHOBHOM U3 OMOXWMUH, HO TPH 3TOM 3a0BIBAIOT, YTO OMOXUMHUYECKHE MOJIENHN - 3TO MOAEIH
MOJIEKYJISIPHOTO YPOBHS, 2 MUKPOOHOJIIOTHYECKUE — 3TO MOJEH NOMYJSIUOHHOTO YpoBHs. B pesyibrate
npu paboTe ¢ peaJbHBIMU MUKPOONOJIOTMYECKHMH MPOLECCAMH IPUXOIAT K HEBEPHBIM BBIBOJAM.

[TomynsAnoHHbIE MOJENN MUKPOOPTaHM3MOB Ha YPOBHE IIOJHOTO arperupoBaHusi, T.e. 0e3 ydera
BHYTPHITONYJISIIUOHHON CTPYKTYphl CBOJATCS K BOCIPOM3BEICHUIO AWHAMUKKA Ouomaccel X(f) u
OmocuHTE3a 1eIeBoro mpoaykra P(f) BO BpeMeHH.

[TockosbKy MHMKpPOOHOIOTHYECKUE CHCTEMBI CTPOTO IOAYMHSIOTCS 3aKOHY COXPAaHEHHs, TO BIIOJIHE
€CTEeCTBEHHO, YTO UX MaTeMaTHYeCKOe ONHMCAHWE MPEICTABISETCS B BUAE CHCTEMBI TUPPepeHINATLHBIX
YpaBHEHUH MaTepualbHOro OajiaHca AJsl OCHOBHBIX HAOJIONAEMBIX MEPEMEHHBIX: KOHUIEHTPAaUun OHO-
Macchl MHUKPOOPTraHU3MOB, CyOCTpaToOB, MPOAYKTOB MeTaboJM3Ma, KOTOpas, B cilydae HEOOXOAWMOCTH,

— 0 ——



Cepus usuxo-wamemamuueckas. Ne 1. 2012

MOKET OBITh JIOTIOJHEHA YpPaBHEHHSMHU TEIIOBOTO M Ta3oBoro OamaHca. Ilpm moctosHHOM 00BEME U
TeMIepaType CHUCTeMa YpaBHEHHMH MaTepHalbHOro OajaHca, OMFCHIBAIONIAS MHKPOOHOIOTHYECKUI
MIPOIIECC, COOTBETCTBYET 3aAMKCH:

cil_)t(:,u(sl...sn)X—DX

=Dl =)= als ) X

%:D(SS—Sz)—y%ﬂ(sl 5,) X
............................................... M
%:D(s,?—sk)—y%ﬂ(sl 5,)X

%w(sl s,) X =DP

riae X — KOHIIEHTpalus KJIETOK B cpeae; M (Sl ...S,,) — ylleJIbHasi CKOPOCTb POCTa; Sy — k-i (haKkTop Cpenbl
(koHIEHTpanys cyocTpaTa, MPOAYKTa )KU3HEAEATEIbHOCTH MUKPOOPTaHU3MOB, Temriepatypa, pH u 1. 1.);

0
D — ynenpHas CKOpPOCTh pa30aBieHHS; )y — KOIPOUIMEHT YTHIW3alUuu k-ro BemlecTBa; S; —
KOHIICHTpaIlus k-TO BEIIEeCTBA B TOJaBaeMoOl cpeze; P — KOHIEHTpalus B Cpe/ie IENeBOr0 MPOayKTa;
q (Sl -..S,,) — yzIenapHas CKOPOCTh OMOCHHTE3A.

JannHas cucremMa ypaBHEHHM M TEOPETHYECKHE IMPEANOCHUIKH, MOCTYXXHBIINE OCHOBOW s ee
CO3JIaHHS, TIPE/ICTABIICHBI B OOJBIIOM KOJIMYECTBE pabOT KaKk 0OLIETEOPETUIECKOT0, TaK 1 MPAKTUIECKOTO
xapaktepa. Hampumep, B Monorpadun Manamenko lO. P. ¢ coaBropamu [1] nznararorcss MeTonudeckue
MOIXOJBl W CHOCOOBI PEUICHHS BOIPOCOB NMPUMEHEHHS MaTeMaTHYeCKOTO MOJETHpPOBAHHS K 3afadam
ONTUMAJILHOTO YIpaBJICHHUs IpoleccaMu OHOCHHTE3a M IPOTHO3MPOBaHMs pOCTa KIETOK. B kHwure
Buprokosa H. I1. u Kanrepe B. A. [2] npuBenenbsl 00001IeHNsT IIMPOKOTO KPyra BOIMPOCOB, CBSI3aHHOTO C
ONTUMHU3AINEHN MTEPUOTTIECKUX TPOIIECCOB MUKPOOHOIOTNIeCcKOTo cuHTe3a. B padbore Bapdonomeera C. /1.
n Kamoxxaoro C. B. [3] W3mM0XeHBI OCHOBBI W METOABI aHAIM3a KUHETUKH MHKPOOHOJIOTHIECKHX
MPOIIECCOB U JIETATBHO PACCMOTPEHBI aHATUTUIECKUE MOJIENTN KJIIETOYHOTO POCTA.

B nocneanee Bpemsi 0cOOEHHO WHTEHCHBHO METOABI MAaTEeMaTHYECKOI'O MOJEIHUPOBAHMS MPOLECCOB
MHKpPOOHOJIOoTHIecKOT0 cuHTe3a pa3BuBaroTcss B CIIIA. D310 paboThl, CBSA3aHHBIE C MOJICITHPOBAHHUEM
Ipolecca CUHTe3a aHTUOMOTUKOB B fed-batch mpoueccax. B yacTHOCTH, MCCieIOBaHUS TaKUX aBTOPOB,
kak Birol I ¢ coaBropamu [4, 5], B KOTOpBIX AaHBl HE TOJBKO TEOPETUYECKUE ONUCAHUS OJHOTO W3
HauboJee yroTpeOIIeMbIX IPOIeCcCOB fed-batch KyIbTUBHPOBAHUS MUKPOOPTAHH3MOB IIPH TIPOU3BOJICTBE
MEHNIWJUTMHA, HO ¥ TIOCTPOEHBI PEallbHO [EHCTBYIONIHE MaTeMaTHYeCKHE MOZENH MJs pacdyeToB
ONTUMAJILHBIX TPOLIECCOB MUKPOOHOIOTHYECKOTO CHHTE3A.

B pa6ore Bunaposa A. 0. ¢ coaBropamu [6] cucrema (1) ucmonb3yercs B KadecTBe OCHOBHOMH CHCTe-
MBI ypaBHEHUH [UIS pEIIeHHs ONTHMH3AalMOHHON 3aJadil MpH MPOEKTUPOBAHUM W ONTHMAIBHOTO
yIpaBJIeHHs TpoleccaMy, TMPOXOAANIMMH B Ouopeaktopax. CnucoK NyOnMKamuid, B KOTOPBIX
UCIIOJIb3YETCSl yKa3aHHas CUCTeMa ypaBHEHHUH, MOKHO MPOIOJDKUTH, HO C yUETOM Liejleld JaHHOW CTaThH B
3TOM HET HEOOXOAMMOCTH.

bonee BakHO 00OpaTWTh BHHUMaHHE Ha TO OOCTOSTEIBCTBO, YTO PE3yJbTaThl PacyeTOB, MOJTY4YCHHBIE
npu pemieHnd cucteMsl (1), momHocThIO ompenenstoTcss (HOpMOH M 3HAYCHHAMH KOX(PPULIUEHTOB

¢bynkumn H (Sl -8, ) , OTIUCBHIBAIOIIEH 3aBUCHUMOCTD YAEIbHOW CKOPOCTH POCTa OT Pa3IMYHBIX (DaKTOPOB
Cpenpbl.
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K HacTosmemMy BpeMeHH MpeIIoKEHO HECKOJNBKO JECATKOB BapUAaHTOB MaTeMaTHYeCKUX (YHKIWH,
OTHCHIBAIOIINX STy 3aBHCHMOCTH, NPH ITOCTPOCHWH KOTOPBIX HMX aBTOPHI HMCXOIMIN W3 Pa3IMIHBIX
MPEACTaBICHUH, WHOTNA YUCTO (OPMAJbHBIX (HApUMeEp, NMPUMEHssE OOIIMe 3aKOHOMEPHOCTH XHMH-
YeCKOW KMHETUKH). Bce n3BecTHBIC ypaBHEHUS NIPUHATO JICIUTh Ha SMITUPUICCKUE U IKCIIEPUMEHTAIBHO-
aHAJIMTHYECKHE.

i ypaBHEHUWI TIEpBOTO THIA XapaKTEPHO TO, YTO CTPYKTypa MOPY4YaeMOro ypaBHEHHS 3aBUCHUT OT
BUJIa AIMTPOKCUMHUPYIOMIETO SKCIICPUMEHT BBIPAXKEHUS M TAKUM 00pa30M UMEET OrpaHHUYEHUS OOIHOCTH.

YpaBHEHHUS BTOPOTO THTIA, CPETH KOTOPHIX HanboIIee N3BECTHHI:

YpaBHeHue MoHo:

lLllnaXS
p=Lme b))
Ks+S
YpaBHeHnue Mo3zepa:
u=pu . (1+Ks*)" (3)
Vpasuenne Konrya':
s
= _— 4
H= Ho “4)

a Tak)Ke OMMMCHIBAOIINE HHTHOMPOBAHNE POCTA KIETOK M30BITKOM CyOcTpaTa.
Ypasuenue Dunproca [7]:

N
H= ﬂmax —Sz (5)
K +s+—
Ypasuenue Auba u np. [8]:
s K,
M= gy (6)
K, +sK,+p

TZ€ Mmax — MAKCHMalbHasl yJeJbHas CKOPOCTh pocTa sl cyOcTpara; s — KOHIEHTpamus cyOcTpara;
p — KOHIeHTpauus mnponaykra; Ks , Kp — KOHCTaHTBHI MPEAINOJIATAIOT ACWCTBHE ONPEIEICHHOTO
OMOJIOTNYECKOT0 WM (PU3NKO-XUMHUYECKOTO 3aKOHA B COYETAHUH C SKCIEPUMEHTAIBHBIM ONpeIelICHUEM
HapaMeTpoB MOAENN. Briienenne yka3aHHBIX MOZENEH B OTACNBHYIO TPYIITy OCHOBBIBAETCS HA BHEUIHEM
CXOJICTBE 3aBHCHUMOCTEH YAENbHOH CKOPOCTH pOCTa OT KOHLEHTpaluu CcyOcTpaTa ¢ H3BECTHBIM
ypaBHeHHeM Muxasnuc-MeHTeH H  ypaBHEHHEM (EepPMEHTAaTUBHOMW pEeaKkUuWd HEKOHKYPEHTHOTO
WHTUOMPOBAHMS.

OcHOBOI MOJOOHOW aHAJIOTUH SBIISETCS MPUHIUI «y3KOTO MECTa», B COOTBETCTBHH C KOTOPHIM LIETh
(epMEHTATHBHO KaTaJM3HPYEMBIX PpEaKklHid, COMPOBOXKIAIOMIUX MPOLECC MOTPEOICHHUsSI KIETKOH
cyOcTpara, JTUMUTUpYyeTCs HanOoliee MEUICHHOW peakuueld. B nmTeparype 4acto yrnmoMHHaeTcs, 4To
Mozens MoHO He ciy4ailHO MMeeT BHJ Mojenn Mmuxasnmca, Tak Kak B OCHOBE pOCTa KIJICTKH JIeXKaT
UMEHHO (hepMEHTaTHBHBIE MTPOIIECCHI.

Ucnonb3oBanue ypaBHeHUs: MOHO W B MNpPakTHKE MHUKPOOMOJOTMYECKHX MCCIIEAOBAaHUN CTalo
HACTOJIBKO TPAAWLUUOHHBIM, YTO MapaMeTpbl dTHX (QYHKIMH [y, Ks TPAKTYIOTCS KaK XapaKTEPHCTHKH
HEKOTO MHUKPOOPTraHM3M-CyOCTPaTHOTO KOMIUIEKCA M UM HPUAACTCS CMBICI OMOJOTMYECKHX KOHCTAHT,
XapaKTepU3YIOINX TOT WIM MHOW BHJ MHKPOOPTaHM3MOB, a MHOTHE aBTOPHI HEOIHOKPATHO JIENIANIN
HONBITKH ONPEICIUTD 3aBUCUMOCTB [lax, K5 OT TaKUX (DaKTOPOB Cpejibl, Kak TeMmeparypa u pH u T. 1.

OpHAKO KaKUX-THOO CTPOTHX TEOPETHYECKUX WIIM JKCIEPUMEHTAIBHBIX JI0Ka3aTeNCTB O TOM, UYTO
9TO IEHCTBUTENBHO, TAK HUTAE HE IPUBOAUTCS U 10 CUX MOP OCTAETCS HEBBIICHEHHBIM, MOXKHO JIH ITPOCTO
CTaBUTH B COOTBETCTBHE CKOPOCTh HEKOTOPOH (hepMEHTATHBHON PEaKIMH, ONPEACISIONIel pOCT KIETKH,
YIIEIBHOM CKOPOCTH POCTa MOMYJIIMH KJIETOK, OCOOCHHO B TEX CIIydasx, KOTJa «y3KOoe MecToy», Ooiee
WIIM MEHee MMOCTOSHHOE B MacINTade )KU3HH KIETKH, CMEIIAETCSI B TEUEHHUE MEPUOIa PA3BUTHS MTOITYJIISIIIUH.

'B ypaBHeHHe KoHTya BXOOWT Kakymasics KOHCTaHTa Muxasnuca B, MpOHOpLUOHATBHAS KOHIEHTPAlWHd OHOMAcCHI X,
MOATOMY O Mepe YBEIHUYEHHS IUIOTHOCTH MOMYJISIMY MaKCHUMaJIbHAsi CKOPOCTh POCTA AOJDKHA YMEHBINATHCS U, B KOHIIE KOHIIOB,
|1 CTAHET POIOPLHOHANBHOMN 5 .

—— )8 ——
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bonee TOro, W3BECTHO AOCTATOYHO OOJBIIOE KOJIMYECTBO padOT, B KOTOPHIX IIOKA3aHO, YTO IIPU
IIPAaKTUYECKOM OIPEAEICHUH IapaMeTPOB POCTa B PA3IWYHBIX OMOTEXHOJIOTMYECKUX IPOLEeccax BO3HU-
KaloT cephe3Hble TpynHoctn. Hampumep, B myOnukarmusx A. Holmberg ¢ coaBTopamu [9-11] mokazano,
YTO NIPH UCIOJIBb30BaHUU ypaBHEHUsI MOHO:

e HaOOpBl MapaMeTpoB, IPU KOTOPHIX IOJY4YArOT XOPOIIEE OIMCAHUE 3aBUCHUMOCTH YIEIbHOM
CKOPOCTH OT KOHLIEHTpaLu cyOcTpaTa He €JUHCTBEHHBIE;

e [1apaMeTpbl, OLICHCHHbIE HA OCHOBAaHMU JAHHBIX, IIOJIyY€HHBIX B IPOLECCaX C SBHO OJUHAKOBBIMHU
YCIJIOBUSIMH, CJIBHO BapbUPYIOT.

VY4er 3THX (AaKTOB BBI3BAT HEOOXOAMMOCTH KPUTHYECKOTO aHajIM3a Ha MIpPEAMET OMOJIOTHYECKOIro
CMBICNA KOHCTAHT [y , K , ICTIONB3YyEeMBIX B ypaBHEHHH MoHO, 4To U ObLIo czienaHo B padore A. Holmberg
[12]. T'me aBTOp WccemOBall MPUMEHHMOCTh YpaBHEHHUS MOHO B MHKPOOHMOJIOTHYECKOW MPAKTHUKE MPH
MIOMOIIM aHaIN3a YyBCTBUTEIBHOCTU U yOSANTENHHO MOKAa3aJl, YTO TOUHAs MIACHTU(UKALUSA TapaMeTpOB
3TOT0 ypaBHEHHUS! Ha OCHOBE CTOXACTUUECKUX JAHHBIX HMPAKTHUECKH HEBO3MOJXKHA, @ MAPAMETPHI Ly, Ks
SIBJIIIOTCS SMIIMPHUYECKUMHU U UX UHTEpIpEeTans Kak OMOJIOTHYECKUX KOHCTAHT HEIIPaBOMEpPHA.

B nomnonHeHue K 5TOMY MOKHO CKa3aTh, YTO peaibHbIe MPOLECCH pOCcTa MUKPOOHBIX HOMYJISIIUN MPO-
TEKaIOT 10 JIOCTATOYHO CJOXXHBIM M HEM3YUYE€HHBIM MEXaHHW3MaM, a ypaBHeHHE MOHO Kak HelpepbIBHAs

¢yHkuus co cpoiictBamu W(0) = 0 u u (s) —> M., TPA S —>00 UIPAET POJb IKCTPANOJIALUOHHOIO

YpaBHEHUS TOJBKO IS HEOOJBIION YaCTH KHMHETHYECKOW KpHWBOW, a BenmuunHa Ky , ompexpensiemMas w3
aHaMop(o3 KHHETUYECKUX KPHUBBHIX, SABISIETCS «d()(PEKTUBHOI KOHCTAHTOH W CMBICTA OHWOJIOTHYECKON
KOHCTAaHTbI UMETh HE MOJXKCT.

Kpome 3Toro, HE0OX0IMMO OTMETHTH, UTO ypaBHeHHs MoHO, DHupioca, Mo3epa U MHOTHE JApPyTHE,
IIMPOKO HWCIONB3yeMblE B JIMTEpaType Ui OMHCAaHUS 3aBHCHMOCTH YIIENBHON CKOPOCTH pPOCTa OT
(haxTOpOB cpenbl, HECMOTPSI Ha CBOW BHEIIHHE PA3JIMYHs, IO CBOEH CyTH 3TO BCETO JIUIIb OJHA U Ta XKe
JpoOHO-paInoHabHas (PYHKIHS BUAA:

n
Zan_kxk

_ k=0
y=rx=- B (7)
J
me-jx
j:
rae a, u b, — kodpurmeHTsr n, m € N.
Bun u cBoiictBa 3TOH (QYHKIMM OYECHb XOPOIIO M3y4YeHbl M ONPEACISAIOTCS 3HAYCHUSMU

ko3¢ dunuenTos a, u b, . Hanpumep, npun=m=1, a, =0, a, = ., b, =K, b =1 Bopaxenne (7)

Oyzer cooTBeTcTBOBaTH ypaBHeHHIO Mono. Ilpu apyrux 3HaueHMsIX n, m U KO3()(PUIMEHTOB MOXKHO
HOJIy4YMTh ypaBHeHHE DHIproca u Apyrue. B ciydae, ecau B uucnutene u 3HaMeHarese 3TOH (GYHKLIUH
CTOAT TIOJMHOMBI OT JBYX MEPEMEHHBIX (KOHIIEHTpalWs cyOcTpaTa U KOHIIEHTpaIHs GMOMacchl), MOKHO
MOJIyYUTh U JPYTHE YPaBHEHMUSL.

JpoGHo-panmonanbHas (yHKIMs, Ojarogapsi CBOUM CBOMCTBaM, OYEHb LIMPOKO HCIIONB3YETCs B
CaMbIX Pa3UYHBIX 00JACTSAX HAYKH U B OMOJIOTHH, B YaCTHOCTH, JJISl pellleHHss OOpaTHBIX 3a/ad, KOraa
HEOOXOJMMO alIpPOKCHMHUPOBATh JKCIIEPUMEHTANbHBIE JIaHHBIE NPOCTHIM M YIOOHBIM B TMPaKTHKE
MaTeMaTHYeCKUM BbIpakeHHeM. OHaKo KO3((UIMEHTHl 3TUX BBIPAKCHWH, ONpPEAEICHHBIE Ha OCHOBE
IKCIIEPUMEHTAJIbHBIX JAHHBIX, B KOKJOM KOHKPETHOM CIIydae SIBJISIOTCS SMIIMPUYECKMMHU M HUKAKOIO
JIPYrOro CMBIC/Ia UMETh HE MOTYT.

U3 paccMoTpeHHOT0 MaTepualia BUIHO, YTO HEKOTOPBIE MOAEH YUUTHIBAIOT CYIIECTBYIOIINE PEaTbHO
SBJICHUS HACBILEHUS WIM HWHTUOMPOBAHUSA CKOPOCTM POCTa MHUKPOOPTAaHM3MOB IIPH YBEJINYECHHUH
KOHIIEHTpallu cyOcTpaTa, OAHAKO A3TO SBICHWE MaTeMaTHUECKH OTPAXKEHO B MOETSAX Ppa3IMYHBIM
00pa3oM Ha OCHOBE MPUMEHEHUsI aHAJOTUi C Pa3NUUHBIMU peakuusamu. [Ipeacrasusercs Gonee oOIUM U
1eNIeCO00pa3HbIM MCXOAUTh U3 JOCTATOYHO MPOCTOTO M AOCTOBEPHOIO OHOIOTMYECKOrO SIBJICHHS, Ha
OCHOBE KOTOPOTO MOXHO aHAJTUTHUECKU CTPOUTH MOJIENH CKOPOCTH POCTA MOIYJIISAIIHIHA.

OpHako B HacToslIee BpeMsi MOJENeH, mapamMeTpbl KOTOPBIX MOXKHO ObIIO OBl OmpenenuTb 0e3
9KCIIEPUMEHTA H, CIIeI0BATEIILHO, 0e3 HEM30eKHBIX HETOYHOCTEH NP €ro MOCTAaHOBKE U pean3aluy, He
npeayioxkeHo. Tem He MeHee, OOIIMpPHBIE CBEACHUs, HAKOIUICHHBIE B Pe3yJbTaTe SKCICPUMEHTAJIbHBIX
UCCIIEI0OBAHUM, TTO3BOJISAIOT CAENaTh HEKOTOpble 0000IEHN s, Kacalouecs BOIIPoca OMMCAHUS yASNIbHOM
CKOPOCTH POCTa MUKPOOHBIX MOITYJISILIHHA.
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[TockoabKy 3TOT BOMPOC JOCTAaTOYHO CIIOXKHBIM M JUIL €ro peIleHHs Hauboyiee pPaIlMOHAIBHBIM
SBJIAETCS WCIIOJI30BaHWE CHCTEMHOTO aHAJINM3a, C MO3UIMH KOTOPOro (YHKIMOHHPOBAHHE OMOTEXHO-
JIOTHYECKOH CHCTEMBI OIMCHIBAETCS TIPU TMIOMOIIH CIIEIYIOIIET0 Habopa mepeMeHHbIX:

® Bxoonvle nepemenmnvie, v; 4epe3 KOTOPbIE OCYILIECTBISIETCS BO3JCHCTBHE OKpYsKaromled cpeasl Ha
cucreMy (Hanmpumep, puzndeckue U XuMUUECKUe (HaKTOPHI).

® Buixoonvle nepemennbvle, y; XapaKTEpU3YIOIIUE PEAKIMIO CUCTEM Ha BHELIHUE U BHYTPEHHUE U3Me-
HeHUs (PaKTopoB.

e [lepemennvle COCMOAHUA, S; XapaKTEPU3YIOIINE CIIOCOOHOCTh CHUCTEMBI K COXPAHEHHIO M OCYIIe-
CTBIICHHIO OOpaTHOH CBS3H, a TAKXKE €€ PEaKIUIO Ha BIMSHUE BHYTPCHHUX (HaKTOPOB.

e axmopnoe npocmpancmeo, ¥ €BKIMIOBO NPOCTPAHCTBO, KOOPIMHATHI KOTOPOTO COMOCTABIICHBI
3HAYCHUSIM PAHKUPOBAHHBIX (akTopoB cpenbl. st 0003HAYEHUS (aKTOPHOTO MPOCTPAHCTBA OOBIYHO
UCIIOJIB3YIOT 3aITUCh BUAA

oV :{(v1 e Vis Sp..l S, )}, 03HAYAOIIYI0, YTO MHOXXeCTBO Y COCTOMT M3 BCEBO3MOXKHBIX ITOCIIE-
JOBATENBLHOCTEN BUA (vl VLSS, ) Takum 00pa3oM, Kaa0i KOHKPETHOW KOMOWHAIIMK 3HAYCHHUN
(haKTOpPOB Cpe/Ibl COOTBETCTBYET TOUYKA (haKTOPHOTO MpocTpaHcTBa ¥ ¢ KoopauHaTaMu (v1 VS .sn)

o Qynxyus omxauxa, GyHKIMS (pk , 0ToOpaskaromas hakTopHOe ImpocTparcTo ¥ Ha mkany /*:

k k o
o ¢ ¥, — ", xoTopas Kaxmoil TOUKe (v1 Ve, S ...sn) npoctpaHcTBa ¥ comocraBisieT 4uCIIo
k o
@ (v...v, 8,...s,) na mxane /" TunudHbli npuMep — 5TO yenbHAs CKOPOCTh POcTa GHOMACCHI

k

Q= ,u(s1 oS, ), KOIJa V,...V,, 4YTO, KaK IPaBUJIO, HAOIIOJaeTCs B OKCIIEPUMEHTE, (PMKCUPOBAHA.
3HaveHus, NpUHUMaeMble (QyHKIMEH ¢ HOMEpOM k Ha ONpelesIeHHOH MLIKajle NMpH BapbUPOBaHUHU

(baxTopoB, (HaKTOpOB Cpedbl B COOTBETCTBUH C TpaBuiioMm JlnOuxa — llendopaa, orpaHudeHsl CHU3Y H

k ~ o .
cBepxy. Ecian 0603Haunth yepes [° = [(_f . C k} OTPE30K Ha IIKaje M3MEPEHHH, OrpaHnIEeHHBIA MHHH-

manbHo C, n MakcumanbHO Ci BO3MOXHBIM 3HaY€HHEM A-TOTO IIOKa3aTels, TO OH OylIeT COOTBETCT-
BOBaTh TOJICPAHTHOCTH IO YyKa3aHHOMY (akTopy. B HemocpeacTBeHHOW ONHM30CTH K KapAHHAJIBHBIM
toukaM C, u Ci HOWKHBI ObITh PACIONIOKEHBI 30HBI IIECCHMyMa, B KOTOPBIX (DH3HOIOro-

OmoXuMHUYEeCKasi aKTHBHOCTh MHUKPOOPTAHU3MOB CHIIFHO OTpaHHWYEHa; Jajiee — CyOOITHUMAlIbHBIE 30HBI, B
TrpaHUIAX KOTOPBIX MO MEpe YIaJeHHS OT 30HBI MECCMMyMa HAOIOAAaeTCs POCT OMOCHHTETUYECKHX
peakuii MukpoOHOW momymsimuu. CpemHsisi 30HA ONpeAelsieTcss Kak ONTUMalbHas. MHTEHCHMBHOCTH
neiicTBus (pakTopa B ATHX TPaHHUIIAX HanOoJee OaronpusTHA ISl Pa3BUTHS MOIYJISIINAN.

CIIe0BaTeIbHO, TPH BHIOOPE (HOPMBI AHATUTHUECKOTO BHIPAKEHHS ¢ = ,u(sl...sn) HEOOXO0TUMO
VUHTBIBATh, YTO (DYHKIHS TOKHA MMETH CIIEAYIOIINE CBONCTBA!

e ¢ = y(s1 ...sn) HeNmuHelHast QYyHKIMS MHOTHX MEPEMEHHBIX, UMEIOIas PasMepHOCTh 1/eépems u
MPEACTABIISONIAs COO00M BHYTPEHHIOI XapaKTEPHCTHKY MHKPOOHOM MOIYJISIHH, HE 3aBHCAIIYIO OT
00beMa 1 KOJIMYeCTBa OMOMACCEHI;

e 3HaueHus (yHKIHH @ =,u(s1 .S ) B ONpe/eeHHONW 00macTu ‘PC‘P={(V1 R A )}

*n

v k o
OTPaHUYEHHON KapAMHAIBHBIM TOYKAM [sk ,SJ 1o Kaxaomy u3 dakropos @ >0, a BHe 91Ol 06NacTH
k
¢ =0.
k k
e Buytpu o6nactn W, tae " = (s, ...s,) >0 nomxna uvers sxcrpemym @ = 4i(s,...s, ).
OnHaKo, KaK yXe ObUIO OTMEYEHO BBIIIE, JETAILHBIE MEXAHU3MbI M 3aKOHBI, 10 KOTOPHIM MOKHO
k
6bL10 Obl OIpenenuTh 3aBucuMOCTh @ = £i(s,...s,) OT M3MeHeHHs (AKTOPOB CPElbl, 10 HACTOSILETO

BPEMCHU HC HM3YUYCHBI, CIICAOBATCIIBHO, BO3HUKACT 3aa4a OIIPCACICHUA HEU3BECTHOM Q)YHKHHOHaHLHOﬁ
CBsA3H MEXAY NNEPEMEHHBIMU BEIIMYMHAMU HA OCHOBE TaHHBIX OKCIIEPUMCHTA.




Cepus usuxo-wamemamuueckas. Ne 1. 2012

OOHO3HAYHO OMpEeAENUTh HEH3BECTHYIO (DYHKIMOHAIHHYIO 3aBUCHMOCTh MEXIY TEPEMEHHBIMH Ha
OCHOBE pe3yJIbTaTOB JKCIIEPHUMEHTa, COIEpKAIlMX pa3NuyHble OIMMOKKA W3MEpPEHHs, HEBO3MOXKHO.
[ToaroMy crienyeT 4eTKO MOHUMATh, YTO IeJIbI0 MaTeMaTHIEeCKOH 00pabOTKH Pe3ysIbTaTOB SKCIEPUMEHTA
SIBJIICTCS HE HAXOXJICHUE MCTHUHHOTO XapaKTepa 3aBUCUMOCTH MEXIy NMEPEeMECHHBIMU WU a0COIIOTHOMN
BEJIMYWHBI KaKOW-IMOO KOHCTAHTHI, a NPEICTaBIEHHE pEe3yJbTaTOB HAONIOJEHWA B BHIE Hambolee
MIPOCTOM (POPMYJIBI ¢ OTICHKOW BO3MOYKHOM ITOTPEITHOCTH €€ WCITONBb30BaHus. J[1s permenus 3Toit 3amadn
MpUKIIAJHAsS MaTeMaThKa IpellaracT HCIOJIb30BaTh TPU KIllAcCa WM TPyNnbl (YHKIHNA, IITAPOKO
MIPUMEHSIEMBIX B PEIrPECCHOHHOM aHAIN3e.

IlepBas rpynma BxirodaeT B ceOsl TMHEWHbIE KOMOMHAIIMN (YHKINH, 9TO COBIAJAaeT C KIACCOM BCEX
MOJIMHOMOB CTENCHH K M, KaK 4YacTHBIA Clydad, ApoOHO-panMoHaibHy0 (yHKIuio. [IpuMmeHnenue
MOJIMHOMOB B KadecTBe (YHKIMI, AaNMpOKCUMHUPYIOIIUX HSKCIEPUMEHTAILHBIC JaHHBIC, WMEET
OTpPaHWYEHHBIN XapaKTep, YTO CBSI3aHO C WX CBOICTBaMHM (OCHMJUIMPOBAaHWE MPH TOBHIIEHUH 7). B TO e
BpeMs ISl KOHKPETHBIX 3aja4, B YaCTHOCTH, JIA IIeJIed MaTeMaTUUeCKOrO MOJSIHPOBAHUS MPOIECCOB,
JUISL UCTIONB30BAHUSI B TEXHOJIOTMUYECKHX PEIVIAMEHTAaX M PEIICHWU ONTUMU3AIMOHHBIX 3a/lad 4acTo
OKa3bIBAIOTCS JIOCTATOYHO J(PPEKTUBHHIMH MOJIEIH C HCIIONB30BaHUEM KyOWYECKHX CIUTAWHOB, €CITH

k .
OTPaHUYHUTH OMHCAHNE 3aBUCUMOCTH (" = ,u(sl .S ) B ONITHUMAJIBHOW 30HE 1O (haKTOpaM Cpelibl.

*“n

BCSYCJ'IOBHO, B 3TOM CcCiiydac CYHICCTBCHHO TCPACTCA HNPOTHOCTUYCCKAsA LEHHOCTb MOIACIIH, CCIIH
SHAYCHUA q)aKTOpOB BBIXOOAT U3 obnactu OIITUMYMa, HO JJId HYX/ IPaKTUKH 3TO HE CTOJIb Ba’XHO, TakK
KaK OCHOBHOC Tpe6OBaHI/Ie K TakKuM MOJCJIAM OYCBHUJIHOC — HEIIPOTHBOPCYUC HMMCIOMIUMMCA MacCCHUBaM
I/I3Mep€HI/Iﬁ n GI/IOHOFI/I‘ICCKOMY CMBICITY CUCTEMBI, a TAKXXC BO3MOKHOCTb Ha UX OCHOBC pCUIaTh OITUMU-
3alMOHHBIC 3aaa4Hu. HpI/I 9TOM HCITOJIB30BAaHUE CIIJIAMHOB CTAHOBUTCS OYCHB yIIO6HBIM HHCTPYMEHTOM.
HOCKOHbe npyu nepexo€ OT almpoOKCUMAllMM MHOI'OWICHAMHM K aIllllpOKCUMAlun crIaiHaMu JOCTHU-
racTCda yJIy4dlICHUEC Ka4YeCTBa l'[pI/I6J'II/DKCHI/Iﬂ. HpI/I OIVWHAKOBLIX BBIYUCIIUTCIIbHBIX 3aTpaTax a0COJIFOTHBIE
MOrpe€IHOCTHU allpOKCUMAlU cIIaiHaMHu MCHBIIC, YCM IOTPCHIHOCTH alllIpOKCUMalui MHOT'OYJICHAMU.
KpOMe TOTO, CIUIAMHBI II03BOJIAIOT HM30€KaTh OCHHHHHHHﬁ, a A peIICHUA 3aadu CXOOUMOCTH
MMPEABABIIAIOTCA Ooutee ciaadble Tpe6OBaHI/I$[, 4YCeM B CJIyda€ MHOTOYJICHOB.

BTOpyIO rpynmny 06p33yIOT NepruoanNICCKUC q)yHKHI/II/I OTOT KJIaCC UMEET OTHOIIIECHHUE K psaaamM (I)ypbe.
ﬂaHHaﬂ rpyiima q)yHKHI/Iﬁ HE MOXKET OBITh MCIIOJb30BaHa 110 OIIPEACICHNIO, T. K. 3aBUCUMOCTH yI[eHLHOﬁ
CKOpPOCTH pOCTa OT q)aKTOpOB Cp€abl HE ABJISACTCA HepI/IOI[I/I‘IeCKOI‘/'I.

TpeTBH I'pyniia 06pa3yeT051 IoOKa3aTCIbHbIMU (byHKLII/IHMI/I. Ot q)yHK]_II/II/I BCTPCUAIOTCAd B pCAJIbHBIX
CUTyalusax, B 4aCTHOCTH, (I)yHKHI/Iﬂ:

7 (s1 ...sn) = aﬁ b;s, exp(Zn: —C;S,), 9)
i=1 i=1

rae a, b; , ¢; — ko3 punmenTsI; 5; — YMCIEHHOE 3HaUYeHuE i-To (haKkTopa.

OOt BUA MaHHOW (GYHKIMH JUIs 4YaCTHOTO Cilydas, KOTJa n = 2, NPEACTaBJIeH Ha PHCYHKE.
CoBepIIEHHO OYEBHIHO, YTO HaHHAS (YHKIMS XOPOIIO COOTBETCTBYET IIPEACTABICHHLIM BBIIIE
TpeboBanusM. DyHKIMS WUMEET TIOOANBHBIA 3KCTPEeMyM, a B Ciiydae, Korja jro0oi W3 (akTopos
CTaHOBHUTCS PaBHBIM HYJIFO WJIH BBIXOIMT 3a OIPEIC/ICHHBIC IPAHUIbI, GYHKIHMS TaK)Ke TPUHUMAET JIHO0
HyJIEBOE 3Ha4YeHue, b0 Omu3Kkoe K Hyi0. KpoMe Toro, 3Ta (yHKIHNS JIETKO TIMHEAPU3YEMA, a OTO 3HAYUHT,
41O omnpenenenne ko3dduirentos (9) He NMpeaCTaBISIECT TPYAHOCTEH.

Be3ycioBHO, MOJIENb, COOTBETCTBYIOIIYIO BRIpaKeHUIO (9), HEb3sT CUUTATh YHUBEPCAILHBIM OIHCA-

HHUEM ¢k = /J(Sl <8, ), TaK KakK B OCHOBY 3TOMH MOJACIN MOJOKCHBI OMITUPUYCCKUE JAaHHBIC U MEXaHU3-

MOB 3TOTO SIBJIEHHsI OHa HE pacKpbiBaeT. OHAKO B CBA3M C TE€M, YTO 3Ta MOJEJb BIIOJIHE COOTBETCTBYET
Oo0IIMM MpPEACTABICHUSIM O XapakTepe BIUSHUA (aKTOPOB Cpelbl Ha YAEIBHYIO CKOPOCTh POCTa
MHUKPOOPTaHU3MOB €€ HCIIOJIb30BaHNE B MMPAKTUKE BIIOJHE OMPABIAHHO.

K npumepy, Beipaxenue (9) MOXHO MPUMEHSTH NPU PEIICHUH ONTHMHU3AMOHHBIX 3aaad4. s sToro
9KCIIEPUMEHTHI 110 TIOMCKY ONTHMYyMa pa3felsioTcs Ha ABa 3Tana. Ha mepBoM 3Tane miiaHUpyeTcs CepHs

. k
HKCIIEPUMEHTOB C LIEJIBI0 TOJIyYUTh 00IIiee ONMCcaHne MHOTO(aKTOPHOH 3aBUCUMOCTH (@ = ,u(sl ...Sn) c
UCIIOJIb30BaHKeEM (9), CBOWCTBA KOTOPOTO MO3BOJIAIOT AIPOKCHMHUPOBATH IKCIIEPUMEHTAJIbHbIEC JTaHHbIC B

OYeHb IIMPOKOM HWHTEpBAJEC BapbUPOBaHUS (PAKTOPOB CpeAbl, HO TOYHOCTh ATOTO TOANHCAHHS OYEHB
3aBUCHT OT ONIMOOK U3MEPEHHI IKCTIEPUMEHTAIBHBIX JIAHHBIX.
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M,M

I'pacdux dyHKIMY, OMUCHBaIONMIEH 3aBUCHMOCTD YACJIBHOW CKOPOCTH POCTa OT ABYX (PaKTOPOB CPEIb

ITocrme ToOrO, Kak 3Ta MENb JOCTUTHYTA, BhIpakeHUE (9) MOXKHO HCIIONIb30BaTh JIJISi BBIYUCIICHUS
TPaHHMI] 30HBI ONTUMYMa B TIEPBOM MPHOIMKESHUH, YTO AT BO3MOXKHOCTh 3HAUUTEIHHO CY3UTh HHTEPBA
ITOMCKA TI0 KaXKIOMY (haKTopy.

Jlajiee HacTymaeT BTOPOM 3Tall, Ha KOTOPOM IUIaH SKCIEPUMEHTA CTPOUTCS C YY€TOM TOTO, YTOOBI BCE
€ro TOYKM HE BBIXOJMJIM 32 TPaHUILI 30HBI onNTHMyMa. Ha 3TOM 3Tame ajisi anmpoKCHMAaldu JaHHBIX,
MOYYEHHBIX B JKCIEPUMEHTE, HMCIOJB3YIOTCS KyOWYecKue CIUIAiHBI, JNaromue 0ojiee TOYHYIO aripokK-
CUMalulo, KOTOpasAd TIO3BOJIACT BBIINOJHUTL pPACUYCThl JJIA IMOMCKA OITUMAJIbHOIO  YIIPABJICHUA
OMOTEXHOJIOTUYECKON CUCTEMOA.

Heo0xomuMo OTMETUTh CHEeIyrolee, BOMPOC O TOM, HACKOJIBKO CIOXHBIMA MOJEISAMH HAJI0
MIOJIb30BAThCSI JUISL OTMCAHMS KCIIEPUMEHTA, SBJISETCS B 3HAYUTEIBHOW CTEIEHU JUCKYCCHOHHBIM. B TO
JKe€ BpeMs JUIsi KOHKPETHBIX 3a/iad, B YACTHOCTH, JUIS IEJIeH MaTeMaTHYECKOTO0 MOJCIUPOBAHUS
MPOIIECCOB, JUIS HCIOJb30BAHHS B TEXHOJOIMYECKMX PErVIAMEHTAX YacTO OKa3bIBAIOTCS JIOCTATOYHO
3 (PEKTUBHEIMH MOJETH C SMIMPUICCKUMHU MapameTpamMu. OCHOBHOE TpeOOBaHWE K YIPOIICHHBIM
MOACIAM — HEIIPOTUBOPEUNEC UMECIOIIUMCA MaCCUBaM I/I3MepeHI/II71 u 6I/IOHOFI/I‘ICCKOMY CMBICITY CUCTEMBI.

Takum o0Opa3oM, 33aa4u, BO3HUKAIOIIUE B MPOIECCe M3YUYCHHS MHKPOOMOIIOTMYECKOW KHMHETHUKHU, Ha
CETOITHSIIHUIA JeHb HE SIBISIOTCS TOJIBKO MATEMATHYCCKUMHM, BHIYUCIUTEIBHBIMA WM YUCTO OHOJIOTH-
YeCKUMH. OTO 3aJaud 00paOOTKM pe3yJibTaTOB OSKCIEPUMEHTOB, HEU30EKHO coJlepkKalux B cebe
HEKOTOPBIN AJIEMEHT HEOIPENICIICHHOCTA B CHIIy OMOJIOrMYECKOW MPUPObl 00bekTa n3ydenus. OTcrona
CJIElyeT, YTO OIICHKA TOTO0, KaK CBsI3aHa HEOMPENEICHHOCTh B JAHHBIX CO CTEMEHBI0 HEOJHO3HAYHOCTH
peleHus npu 00paboTKe U aHAIN3e JAHHBIX KHHETHYECKOTO SKCIIEPUMEHTa B MUKPOOHOJIOTHH SBIISETCS
YpPE3BBIYANHO BAKHBIM 3JIEMEHTOM IpU pa3pabOTKe METOJIOB PEIICHHS 3a7add ONTUMAIBHOIO YyIpaBiie-
HUSI TPOIIeCCaMi MUKPOOHOJIOTHYECKOTO CUHTE3A.

Aemop cuumaem, uwmo u3yueHHvle 6 CMAMbe B0NPOCHL NPEeOCMAGIaIom cobou ub npedsapu-
MENbHLIU YMAN 8 PeuleHul paccmampueaemMol npodiemvl u 3apanee O1A200apeH 3d 6ce 3aMedaHust U
NPEONONCEHUS, KACAIOWUECS KAK CYUECmEd peulaemvix 3a0ay, max u MemoOuKl Ux U3nodHCeHUus.
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OPTAHBIH OPTYPJII ®PAKTOPBIHA BAMJIAHBICThI MUMKPOOPTAHU3SM/EPATH
YJIECTIK XbUIJAMbBIFbIHBIH TOVEJIAI OCYIH CUITATTAUTBIH TEHJAEY AIH
IMPAKTHUKAJIBIK K¥PbIJIBIMbI TYPAJIbI

OpranblH (akTopbiHa OalIaHBICTHI MHUKPOOHOJOTHSIIBIK MOMYJSIMSHBIH YJISCTIK JKBUIJAMIIBIFBIHA TOYENIi
OCyiHIH MaTeMaTHUKAJbIK CUITATTaMacChl 9/IiCTEPIHIH TEOPHUSUIBIK TAJIAAybIHBIH HOTHXKENEpl KeNTipireH.

G. G. Litvinenko6 N. G. Litvinenko, N. Z. Mukashev
ABOUT PRACTICAL CONSTRUCTION

OF THE EQUATIONS DESCRIBING DEPENDENCE OF SPECIFIC GROWTH RATE
OF MICROORGANISMS FROM VARIOUS FACTORS OF ENVIRONMENT

In the article results of the theoretical analysis of existing ways of the mathematical description of dependence of
specific growth rate of microbiological populations from factors of environment are resulted.
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VJIK 539.21:537.1;538.9
U. X JKAPEKELIEB

®A3QBI)II71 HHEPEXO/ MPOBOJHUK-NU30JIATOP,
BbI3BAHHBIN PA3YIIOPAJOYEHHUEM TPUMECHBIX HEHTPOB

Kazaxckuit HaroHaNBHBIN YHUBEpCUTET M. anb-Dapadu, AnMaTs

Yemanosnena ceésasb keanmosou npo6oOUMOCMU INEKMPOHHBIX HEYNOPAOOYEHHLIX CUCeEM CO CMAMUCMUKOU YypOeHell
SHepeUuU Ha nepexooe Memain-OudleKmpux. Buluucisemcs ckounune >1eKMPOHHBIX YPOGHEU NpU UBMEHeHUU XAOmu4eckozo
nomenyuana. ITonyueno xopowiee coanacue pe3ynbmamos YUCIEHHO20 MOOETUPOBAHUS C IKCHEPUMEHMATLHBIMU OAHHBIMU.

KiioueBble cj10Ba: HEYIOPSAIOUCHHbIE CHCTEMBI, JICKTPOHHBII TPAHCIOPT, KBAHTOBAS JTOKAIU3ALMS.

BBenenmne. SIBneHre KBaHTOBOH JIOKATU3aIMU 3JIEKTPOHHBIX COCTOSIHUH 3a cyeT Oecropsiika MOTeH-
[[MaJIa OTHOCUTCS K OJJHOH M3 OCHOBHBIX TEM COBPEMEHHOU (PM3MKH KOHAEHCUPOBAHHOTO cocTosiHUA. OHO
3aKII0YaeTcs B TOM, 9YTO TPU YBEIWYCHWH aMIUIUTYIBl (QIyKTyalldnid CIly9aifHOTO TNPHUMECHOTO
MOTEHIMANa BOJHOBBIE (YHKUIUHM SIIEKTPOHOB TNPEoOpasyroTcss M3 PaclpOCTPAHEHHBIX COCTOSHUH B
JIOKaJIM30BaHHbIe cocTosHUs. Jlokanu3amus HocuTened 3apsaa JEKUT B OCHOBE (Da30BOro mepexona
MIPOBOJIHUK-MU30JIATOP, KOTOPBIA XapaKTEpPHU3UPYETCsS PE3KUM HW3MEHEHHEM TEeMIIEPaTypPHOTO TMOBEIEHUS
AIIEKTPONPOBOJHOCTH OT METAIUIMYECKOTO peXUMa K AUDIIEKTpUUecKkoMy pexkumy. OH obnagaeT KpUTH-
YEeCKUMH CBOMCTBaMH, NPUCYIIUMH OOBIYHBIM (Da30BBIM IepexolaM B TEPMOJMHAMHKE, H OMHCHIBACTCS
JUTHHOM KOPPEeISIUY, TapaMeTpOM MOPsAKa U KPUTHUECKUMHU WHICKCAaMH. BirsHue HeymopsioueHHOCTH
Ha DJIEKTPOHHBIE COCTOSHUS MPOSBISAETCS BO B3aUMHON KOPPETSAIINH COOTBETCTBYIOUINX MM JHCKPETHBIX
ypoBHel sHepruu. llpu 3ToM (uyKTyaluu B IUIOTHOCTH COCTOSHHH M CTAQTHCTHKA YpPOBHEH DHEPruu
JJIEKTPOHOB CTAHOBATCS UYyBCTBUTEIHHBIMH K TEPEXOy IMPOBOAHUK-M30NATOp. Hamboiee mHTEpECHBIM
SIBIISIETCS TPOMEXKYTOUHOE (Pa30BOE€ COCTOSHHUE, KOTAa TBEPOE TEIO HE OTHOCHTCS HU K NMMPOBOAHUKY, HU
K U30JITOpY. B TaKOM KpUTHUYECKOM COCTOSIHUM 3JIEKTPOHHAS TPOBOJUMOCTD HE 3aBUCHT OT TEMIIEPATyphI.

Takum 00pa3oM, MPENCTaBISIIOTCS BeCbMa AKTYalbHBIMU MCCIICAOBAHMS, MO3BOJIIOIIUE MOIYYHTH
JIOCTOBEPHYI0 MH(OPMAIMI0 O CTATUCTHYECKUX CBOMCTBAX MEPeXoja MPOBOJHHUK-M30JSATOP W BBISIBUTH
o0mye 3aKOHOMEPHOCTH (UIYKTYAIlMOHHOW TPUPOJIBI CIIEKTPOB YHEPTUHU B TBEPIBIX Telax. ITO JTOCTH-
raercsi TeOPETUYECKUM U IKCIEPUMEHTAIBHBIM M3YYEHHEM XaOTHUECKHX (UIYKTyalMid B 3JIEKTPOHHBIX
SHEPreTUYECKUX CIIEKTpaxX HEYMOPSAOYEHHBIX CHCTEM Ha Mepexojie MPOBOIHUK-U30IsATOp. Llenpro aToi
paboTHI SABISETCA YCTAHOBJICHHE B3aHMOCBSI3UM MEXKIy JIEKTPOHHON MPOBOIWMOCTHIO U CHEKTPATHLHBIMHU
KOPPEISIHUAMU MEXKIy OJHOYJICKTPOHHBIMH COCTOSIHUSIMH BOJIM3M Tiepexojia MPOBOIHUK-H30JIATOP,
BBI3BAHHOTO XAOTHYHOCTHIO TPUMECHOTO TOTeHIMasia. B pesynprare ObUI TIPOBEACH CpPaBHHUTEIHHBIN
aHaAJIN3 C TOYHBIMHA KBAHTOBO-MEXaHWYECKHMH ITOAXOJAMH B PEXHME KPUTHYHOCTH, IKCIEPUMEHTAIb-
HBIMU JAHHBIMH U Pe3yJIbTaTaMH KOMITBIOTEPHOTO MOJIETUPOBAHUS.

MopennpoBanme. 3anuieM raMIIbTOHUAH 337auy B IPEACTABICHUH BTOPUYHOTIO KBAHTOBAHUS

H=1|Y ga'a,+) (ala,+hc)|, (1)
i i#]

rae a {a;) — onepaTopsl poKaeHUs (YHHYTOXKEHHUS) SEKTPOHA Ha y31e i (U1 ONpeIeeHHOCTH MPOCTOi

KyOW4ecKoii) pelieTkd; j — HoMepa IecTH ONMKalImMX K pelleTKe coceliei ysna i; & — ciaydaiHas

9HEprusi; / — MHTErpai MepeKphITHs OJIMKaHIINX y3II0B; /i.c. — O3HAYAET SPMUTOBO COIIPSKEHHE.

[Ipu 4ncieHHOM MOZENHPOBAaHUU MBI OyJIeM MPUMEHATH CIeAYIOUIY0 (GOpMyIy Uil pacHpeAcieHus
JIOKAJIbHBIX YHEPrUH Y3JIOB &; :

w, Mswiz,
P(g)= 2)
0, v|>w/2.

Kak naiineno mamu B paborax [1-3], B 9TOoH Momenu Hpu YBEIWYEHUH CTereHH Oecropsiaka W
MPOMCXOANT IEPEX0] METAJUI-AUBIEKTPUK Npu W = W, = 16.5. SIcHO, 4T0 mpu W»W. TEpEeKphITUEM
BOJIHOBBIX Y3JIOB PELIETKH MOXKHO IpeHEeOpedb M BOJHOBBIE (DYHKIMM JIOKAJIM30BaHBI HA OTICIIBHBIX
y3nax. B Takom ciydae pacrmpeneneHue ypoBHEH SHEPTHHM MPAKTHYECKH COBMANAET C PacIpeaesieHueM
3aTpaBOYHBIX YHEPTUil £, TO €CTh SBIAETCS a0COMIOTHO CIyYaiiHBIM, ITyaCCOHOBCKHM.
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Mogens Anpepcona (1) ¢ moTeHIMaIoOM NPUMECHBIX LIEHTPOB (2) MpUMeEHsUIach HAMM JJIsl BBIYHC-
JIEHUSl CTATHUCTUYECKUX CBONCTB 3JIEKTPOHHOTO CIEKTpa ME30CKOIMYECKHMX OOpaslioB B PA3IUYHBIX
(U3NUECKUX CITydasix, @ UMEHHO: B IPUCYTCTBHU CHIILHOTO CITUH-OPOUTAIILHOTO B3aUMOACHCTBUS [4]; muist
BBIUMCIIEHUS MPOBOJUMOCTH [5] M €ro KpUTHYECKOTO MOBEIESHUS; Ui MCCIIEAOBAaHUS HOBOTO Kilacca
KPUTHUYECKUX aHcaMmOield B [6]; B NMPUCYTCTBHH MAarHUTHOTO MOJS [7] W B NMPUCYTCTBHH MarHUTHBIX
MOMEHTOB [8].

Jisi MHOTUX W3 3THX CUTyalHid B HACTOALIMKA MOMEHT MMEIOTCSl DKCIIEPUMEHTANbHBIE U3MEpPEHHS,
BBINOJIHEHHBIE APYTUMH aBTOPaMHU B Pa3IMYHBIX Ja0opaTopusix. Pe3yibpTaTsl 3THX SKCHEPUMEHTATbHBIX
W3MEPEHUH Mbl CPAaBHUBAEM C HAIIMMU TEOPETHUECKHMHU PE3y/bTaTaMHU B TE€X AMAla30HAX IapaMeTposB,
KOTOpBIE YUYHUTHIBAIOTCS Hallell Moneibio. MHOTHE M3 3THX PEe3yJbTaTOB XOPOIIO COTJIACYIOTCS JPYT C
JIpyroM, IMOATBEpPXKIasi TEM CaMbIM, YTO HAll TMOAXOA XOpPOWIO OOBACHSET SBICHHS B OTJIMYHME OT
HPEeAbIIYIIX TEOPETHYECKUX TTOIX0A0B.

HaubGonee sipkoii 1 yOeauTeIbHON MPOBEPKOH MpejiaracMoro B HacTOSIIeH padoTe aHATUTHUECKOTO
WCCIIeIOBAHUS SIBJISIETCSl OTIIMYHOE COrjlacue SKCIEePHUMEHTAJIbHBIX JaHHBIX MO CTAaTUCTHKE JUCKPETHBIX
ypoBHEH B HaHOCTYKTYypHBIX MOII-TpaH3ucTopax ¢ pe3ynbTaraMy BBIYMCICHUH, IPOBEJCHHBIX HAMU B
YCIOBHSIX CHJIBHOTO CITMH-OPOXTAIRHOTO B3amMoeicTBus [4, 9]. B pabote [4] MBI IpHBOINM CpaBHECHHE
rpaguKoB JUIS QYHKIUHA pacrpelesieH!s] YPOBHEH 3HEPrUH Kak Ui TEOPHH, TaK W Ui SKCIIEPUMEHTA.
OTMmeTHM, 9TO SKCIepuMeHTalbHas paborta [10], pe3yapTaTbl KOTOPOH OOBACHSIOTCS HAIIEH Teopuew,
MTOSIBUJIACH B TIEYATH TTO3XKE HAIlle OpUTHHAIBHON IyOnukamm [4].

Mogenbs CHIBHOH cBs3M ¢ OecnopsiikoM ObUla Hamu 0000IIeHa TakKe Ha Cllydail MPHIOXKEHUS
BHEIITHEr0 MarHUTHOTO MoJIs myTeM aobaBnenus ¢akropa [laiiepnca [11], kKoTopslii paHee He ObLI y4TEH B
3aJadax JIEKTPOHHOW JoKanu3anuy. C MOMOIIBI0 HEr0 Mbl BIEPBBIE MOJYYMIIM XOPOILIOE COBHAACHUE C
9KCIEPUMEHTAIHOW 3aBUCHMOCTBIO TOJIOKEHUH AUCKPETHBIX yPOBHEM OT MarHUTHOTO NMOTOKA, HOBYIO
¢a3oByl0 AMarpaMMmy Iepexoja MPOBOAHUK-H30JIATOP M BBIYHCIMIM KPUTHUYECKHN IOKa3aTelb JJIMHBI
nokanuzanuu [12]. B xoHme paboTel MPOBOANUTCS CpaBHEHWE BBIYMCICHHOW HAMU CKEHJIMHTOBOW (PyHK-
LUK Ul CHEKTPAIBHOI'O OTKIIMKA C SKCHEPUMEHTAJIbHBIMH JaHHBIMH I10 NPOBOJUMOCTH, HOIYYEHHBIMH
JUTSL KPEMHHUSI JIESTUPOBAHHBIM (HOchOopoM.

Llesnb 4MCIIEHHOTO MOJENHPOBAHMS COCTOSIa B TOM, YTOOBI MPOBEPUTH CKIMIMHIOBYIO TEOPHIO HA
KOHKPETHOH MOJEeNN HEyHOPSIOYEHHOW CHCTEMbl M CPAaBHUTH C BO3MOXKHBIMU SKCIEPUMEHTAIbHBIMU
curyanusamu. M3ydanace mozxens AnaepcoHa (1) B kybe 20x20x20 ¢ mepuoaUUecKHMMH T'PaHHYHBIMH
YCIIOBUSIMH, TO €CTh, HHAUE TOBOPSI, OECKOHEYHAsl pocTask KyOndeckas perieTka, B KOTOPOH Xa0THIECKHUE
SHEPTuH &; MEPUOANYHBI ¢ TepruoaoM 20 MOCTOSHHBIX PELIETKH MO KaXI0W KoopauHarte. B srToit 3amade
YPOBHHU AUCKPETHBI, TAK YTO HE BO3HUKAET BOIIPOCA, KaK MOACUUTHIBATH Pa3MbIThIC YPOBHH.

brok-cxema 4HMCIEHHOTO METOZd, OCHOBAaHHOTO Ha MOIM(UIIMPOBAHHOM METOJE AWATOHAIH3ALUU
Jlannoma, npuBeneHa Ha puc. 1. JleTanu 4ncIEHHOTrO airopurMa, IMOCIEAOBATEIbHOCTh M IOCTPOCHUE
omepanuii mpuBeAeHsl B pabote aBTopa [13]. 371eCh MBI TOJIBKO OTPAHMYUMCS KOPOTKHM OIHCAHHUEM

leHepaTop

MocTpoeHue Teex:
cAy4alHbIX ‘ MaTpuLpI q AWaroHanbHble
4yucen mMmaTpuubl

!

SHeprum I
y3noE AMWNLTOHWAH Mertog,
peleTku Anaepcona 7| 6ucekumin

YCTOWUUBOCTb U CXOAMMOCTb MTEPaLMiA l

CobcTEEHHbIE OpToroHanusauua BekTopa

Puc 1. biok-cxema MOIII/Iq;)I/IIII/II)OBaHHOFO ajropurMa Jlanmoma st KOMIIBIOTEPHOT'O MOJACINPOBAHUA
3IIeKTp0HH0171 HIPOBOAUMOCTH HEYTIOPSAOYCHHBIX CUCTEM
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nporeaypel. OHa coctouT B cienyoomeM. Ciy4aiHbIA MaTYMK CO3[aBal 3HAUYEHUS & B KOJIMYECTBE
20°x20° B unrepaane [-W/2,W/2]. Marpuua ramuiasrornana pasmepom 8000x8000 1raroHaIM3upOBaIaCh,
¥ TIOJICYUTHIBAJIOCH YHUCJIO YPOBHEH, MOMABIINX B IEHTPUPOBAHHYIO BOKPYT HYJS TOJIOCY SHEPTHM
IIUPUHOW ¥ B OoJiee y3KHE TOJOCHI C NIMPUHOU E;= E(,/Qi/z, roe i=1,2,3... 3aTreM Kaxkgas 3 IIOJIOC
Jeuaach Ha 2° MOJIOCKH, paBHbIC IMUpuHE Ej= EfRf= E 277 , k =1,2,3,4... BIUNCIAIOCHL YHUCIO
ypoBHeif N B MCXOIHBIX MOJOCAX M B KAXIOH MOJOCKE M MPOM3BOAMIOCH ycpemuerne N u N° mo 2°
MOJIOCOK Ka)/I0¥ MIUPUHBL. 3aTeM BCE Pe3yJIbTaThl YCPEIHSUIUCH TI0 OOJBIIOMY KOJUYECTBY pealln3aiuil
sHepruii ¢; . [llupuHa momnoce! E, Oblla Tak Maja, YTO CYHIECTBEHHBbIE U3MEHEHHS TIOTHOCTU COCTOSIHUI
OT TIOJIOCKH K TIOJOCKEe He HaOmIoamuch. ODTUM TOATBEPIKIAETCS DPTrOJUYHOCTH YCPEIHEHHUS I10
IJIOTHOCTH JIEKTPOHHBIX COCTOSHUM.

CpaBHeHHE € 3SKCIEPUMEHTOM. OKCIEPUMEHTAJIbHBIE PE3yJbTaThl MO H3MEPCHHUIO MOJIOKECHUS
JUCKPETHBIX yPOBHEW 3HEPruM ObUIHM BHITIOTHEHB B KOpHEThCKOM YHUBEPCHUTETE HAa OAHOAIIEKTPOHHBIX
MOJICBBIX TPAH3UCTOPAX, aKTHBHBINA CJIOW KOTOPBIX ObUT CHHTE3MPOBAH U3 YaCTHUI[ 30JI0Ta U COCTABJISLI
5-15 um B auametpe [10]. M3mepenust mpoBOIMWIUCH MO MOJIOKEHHUIO MUKOB HAMIPSDKEHUS CTOK-UCTOK Vgp
IIpU MIOCTOSIHHOM HANpsDKEHUU Ha 3aTBope V. Bennuumna marnutHOro moss uamensack ot 0T mo 4T.
Temmeparypa 37eKTpOHHON TToACHCTEMBI cocTaBisiia 90 MK.

Ha puc. 2 mokazaHa 3aBUCHMOCTH MOJOKEHHUS AUCKPETHBIX YPOBHEH OT MAarHUTHOTO IO, U3MEPEH-
Hasi IO TWKaM TYHHENBHBIX pe30HaHcoB it mepexogoB N+2—N+1 um N+1—N. UtoOsl cpaBHUTH
pe3yNbTaThl HaIllel TEOPUH C JAaHHBIM SKCIIEPHUMEHTOM, MBI BHIOpaIH AMAINla30HbI ITapaMeTpoB, Harboiee
OyiM3kMe K M3MEpeHHbIM BenauuunHam [14]. Kak BuaHO M3 puc. 2, HaONIOmaeTCs XOpOIIee corjacue B
XapakTepe U aMIUIUTYAEe XaOTHUECKUX U3MEHEHHM TUCKPETHBIX YPOBHEH MO OTHOLIEHUIO K MATHUTHOMY
TTOJTIO.

1.8

N+1—N N+2—N+1

1.6

Level energies
—
~

NV
WP

|
p—

0.5 0 0.5

—

BI[T] a AB-flux (normalized) 6

Puc. 2. 3aBHCHMOCTD PACIION0XKEHNUS TUKOB YPOBHEH HEPTHH 3JEKTPOHOB OT MArHUTHOTO MOJIS.
a — dkcrnepuMeHT: I1onoxxeHre AUCKPETHBIX YPOBHEH 10 HAIPSKEHUIO MEXKY CTOKOM M UCTOKOM Vsp IpU MOCTOSIHHOM
HaIpsDKEHUU Ha 3aTBope Vi = -7.1V 0AHO3/IEKTPOHHOr0 TPaH3UCTOPa, CHHTE3UPOBAHHOIO U3 HaHO4YacTull 3o00ta [10];
6 — Teopusi: TUMMYHOE PACIIOIOKEHUE MTOCIIEIOBATEIFHOCTH YPOBHEH SHEPIHH IIPU U3MEHEHUH (ha3bl MAarHUTHOTO ITOTOKA (/T
co cTerneHblo Oecriopsaka W = 5, moiyueHHOe HaMH € IIOMOIIBIO YHCICHHOTO MOoJeIupoBanus [S5,16];
TOJICTBIE IMHUU — KPUBU3HBI YPOBHEH P Hy1€BOM MOTOKE

[IpuBenem cpaBHeHHE C pe3yJbTaTaMH dKCIEPUMEHTAIbHON paboThl M1t o0pasuoB Si:P, BeimonHeH-
HOW MCCIIEZIOBAaTENbCKON TPyMION yHuBepcutera T. Kapncpyas [15]. Mmu Obiia m3mMepeHa mpoBOAMMOCTh
NpY HU3KUX TeMIeparypax B YCIOBHIX MOIIHOTO ogHOoocHoro cxarus S = 1.75 kbar. I'paduk 3aBucu-
MOCTH TpuBefeH Ha puc. 3. OH COCTOMT W3 JBYX BETBEH, YTO SBISETCA MPSAMOH 3KCIEPUMEHTANIbHOMN
JeMOHCTpalLUen mepexona NpoBOAHUK-U30JsTOp. Kak mokazaHo B [5], MPOBOIMMOCTH CBS3aHA C OTKJIU-
KOM HEYIIOPsIIOUYCHHOM CHUCTEMBI Ha BHEILIHEE BO30YKICHUE.

B kadecTtBe OTKIMKa HamMH BbIOMpanach BTOpasi MPOU3BOAHAS TaylecCOBCKOTO CIIBUTa YPOBHS
SHEPIHH 10 OTHOLICHHIO K CIab0My MarHUTHOMY HOTOKY K = &°E/0p’. UToObI CBA3aTh TEMIEpaTypy C
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Puc. 3. Cxeilnunaroas kpusasi IpOBOAUMOCTH UL IEPEX0a IIPOBOIHUK-U30IIATOP.
CreBa — 3aBUCUMOCTb OTHOCHUTENBHOI IPOBOIMMOCTH TS Si:P OT npuBeneHHOH TeMnepaTyphl,
B3sITasl U3 IKCIIEPUMEHTaIBHON paboThl [15]. CnpaBa — 3aBUCHMOCTB IIPOBOIMMOCTH 110 Tayieccy
OT CKEHIIMHIOBOTO IIapaMeTpa, ONpeaesieMoro oT TeMIepaTyphl, IIOJlyYeHHOU B HACTOsILEH padoTe

HaIllUM CKAIWJIMHTOBBIM TapaMeTpoM, JIMHa oOpas3ia L B YHCIEHHOM MOJEIMPOBAaHUHN H3MEpSIach B
enuHunax anuHbl okanuzauu E(W(T)). Janneie i moctpoeHus rpaduka ObUIM B3STHI W3 PabOTEHI
aBTopa [16].

Ha puc. 3 BumHO XOpoliee coriiacue MeXAy 3KCIEPUMEHTOM M HAIllero TEOPEeTHYECKOTrO TOXO0/a.
[Mpudem cornacue HaOMOAAETCS Kak Ha M3OJUPYIONIEH CTOpOHE (HMXKHSS BETBb), TAK M HA METaJuIN4ec-
KO CTOpoHe (BepxHsisl BETBb) Ilepexoja NPOBOAHUK-M30JATOP. I[lOCKONBKY [aHHBIE IO OCSM
OTKJIAJIBIBAJINCh B JIOTAPH(PMHUUECKOM MacIiTade, SICHO, YTO pedb WAET O COBMAJCHHU C TOYHOCTBHIO JIO
HEU3BECTHOTO KO PHUIIMEHTa, KOTOPHIA HE YUUTHIBAETCA B HAIIEM TEOPETUUECKOM TOIXOJIE.

Xopomioe coBmajeHue OOHAPYKEHO TakkKe M JIsi KPUTHYECKOTO WHJAEKCA JUIMHBI JIOKAJTH3aluu
v=1.43, BpIunciIeHHOr0 HamMH [17], CO 3HAUEHUEM Vayen=1.3, U3MEPEHHBIM Ha OCHOBE AKCIIEPUMEHTAIBHBIX
nmaHabIX [15]. XoTs pacxoxmeHue ¢ teopueil cocraBisier okoio 10-12%, MoXHO caenaTh 3aKIIOYEHHE,
4YTO MpEAJIOKeHHAsT HamMH (EHOMEHOJIOTHYECKash MOJIeNIb BIIOJIHE TMpUemiieMa sl  OOBSCHEHHUs
KPUTHYECKOTO TOBEJICHUS TTPOBOJMMOCTH Ha Iepexojie MeTaul-u3oistop. [Ipu aTom 3amaHHas 00JiacTh
mapaMeTpoB B HAIIUX pacyerax [OJDKHA COBHANaTh C YCJIOBUSMH, TIPU KOTOPBIX IPOBOAMIICS
9KCIIEPUMEHT.
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U. X XKopexewes

PETTEJIMET'EH KOCBIMIIIA IEHTP APKbUIbI OTKI3T'THI-U30JIATOPAbIH ®A3AJIBIK AYBICYbBI

PerTenmeren xyife ©TKI3TIIITIr JKOHE SHEPTHS JEHTCHIEPiHIH CTaTUCTUKACH alKbIHOanFaH. KockMia oneyet
e3repreH KesJeri AJIEKTPOHIBIK NEHreHIIep/iH CKIWIMHT caHbl ecenTeleni. PerTrenMereH KOChIMIIA HEHTPACH
OTKI3TIII-U30JIATOPbIH (ha3aIbIK aybICYbI 3€PTTEIreH.

1. Kh. Zharekeshev
PHASE TRANSITION CONDUCTOR-INSULATOR INDUCED BY DISORDER OF IMPURITY CENTERS

A direct link between the electronic conductivity of disordered systems with the statistics of the energy levels at
the metal-insulator transition is established. The scaling of the electron energy levels is calculated by changing the
impurity potential. A good coincidence of our numerical simulation with experimental data has been obtained.

Key words: disordered systems, electronic transport, quantum localization.

KasHY um. ano-@apabu,
2. Anmamer Hocmynuna 29.11.201 12.
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A. E. FEKAEB

OB OJJHOM 3AJAYE MHOI'OCJIOMHOI'O IIUJINH/IPA

Mexnaynapoansiii Kazaxcko-Typernkuit yausepcuret um. A. SlcaBu, Kazaxcran

Pacwwampusaemc;l uuﬂun@p KOHEeUHOU aﬂqul, Haxoé}zmuﬁc;z 68 oceCUMMEemMPUYHOM HANPAINCEHHOM COCMOAHUU. HOﬂylteHO
anaiumuyeckoe peuieHue 3a0aqu HanpsidiceHHocmu L;uﬂuHapd, Komopoe MOJMCHO UCnOIb306antb npu  peuteHuu 3a0auu
Ha}’lp}lDfCé‘HHO-a€d70pMup06aHH020 COCMOSIHUSL MHO20CIOUHBIX L;LUZMH@}?M‘{&‘CKMX mei.

Hcnonbs3oBaHMEe MHOTOCIOMHBIX KOHCTPYKIMM U3 KOMIIO3ULIMOHHBIX MaTEPHUAJIOB OTKPBIBAET BaKHBIN
pe3epB MPOYHOCTH U ONTUMH3ALMHN KOHCTPYKIMA. [Ipr 5TOM BO3HUKAIOT HOBBIE 3a[a4H, 00YCIOBICHHbIE
HEOJTHOPOJHOCTBIO CTPYKTYpBI KOHCTpYKUHMHU. [loBeaeHNe TakMX KOHCTPYKLIHH 3aBUCHT OT IapaMeETpOB
(reomeTpudecKnux, (PU3UKO-MEXaHMUECKHX W Jp.) CJIOeB, oOpasyrommx ux. KOHCTpyKIMu, WMeEIoIne
¢opMy CIOMCTOrO UWIMHApA, HAXOAST IIMPOKOE MPUMEHEHHE B aBUAIIMOHHOM, HE(TSIHON M ra3oBoOU
npombliiieHHOCTH [1-10] u np. Mcnonp3oBaHre COOTHOIIEHUM MPOCTPAHCTBEHHON TEOPUU YHPYTOCTH K
U3YyYEHHI0 TAaKUX KOHCTPYKLHUHM II03BOJIAET MOJIY4YUTh OoOJee peaJbHyl0 KapTHHY HalpsDKEHHO-
JIeOpMUPOBAHHOTO cOCTOsIHMA. Hubke paccmarpuBaeTcsl MIIHHIP, HAXOMSIIUNCS B OCECUMMETPUYHOM
HaIpsyKEHHOM COCTOSTHMM, KOTOPBIM MOXHO paccMOTPeTh KaK OJIWMH W3 CJIOEB IWIMHAPUYECKOMN
KOHCTPYKIUH.

PaccmarpuBaeTcsi MONBIA MIMHAP KOHEYHOW [UIMHBI ¢ C BHYTPEHHHM I' = @, BHEIIHHM I = B
panrycamMu. Martepuain OUINHAPA U30TPOIHBIA U YIIPYTHHA.

Ha BHyTpeHHEH 1 BHEIIHEN MOBEPXHOCTSIX 3aaHbI

0,=q(2). 0.=1(z) mpn r=a, ()

u=u(z), w=w(z) npu r=Bs.
Ha topuax uuimHapa paccMaTpUBaIOTCs CIIEAYIONIME TPAHUYHBIE YCIIOBHS

U=w=0mnpuz=0, z=/. )
VYpaBuenue paBHoBecus [11] cBoauTCs K ypaBHEHHIO OTHOCHUTENBHO U
0’ ol
Aduy +20 55 20—, 3)
o~ on
rue
o°(.) 1o(.) 1
A(...) = —+— - 4)
05 ¢ 05 ¢
[pu aTom yHKIHMS 43 onpenenseTcst AByMs KBaApaTypamMmu
o’u . .
uy=—[[| 2(1-v) Au, +(1-2v) 87721 dédn+ £ )+ £5 (), ()
e f,°(n7), f, (&) — npousBonbHbIE (yHKIMYM MHTETPUPOBAHHSL.
31ech BBEACHBI CIIeAyIONTIe Oe3pa3MepHbIe TapaMeTPHhI:
r z u w
é::—’ n=—, U =— Uy =—. (6)
8 8 8 8
Pemenne ypaBHeHus (3) OTHICKUBAETCS B BUJIE CYMMBI YETHIPEX PEIIeHUI
= V(€ + [P (E)e " + [P (E)cos An+ D (&)sin An, ©)
B kotopoM [ (&) — HemsBecTHBIE DYHKIHH; A — HEKOTOPOE JCHCTBUTENHHOE YHCIIO.
Jlns onpenenenns Gyuxmuit £ (£) nonyuaercs
ANFD 2k PAFD + A0 fT =0, ®)

BKOTOPBIX Kj= lmpui=12, ukj=—1 mpui=3,4.

39 ——
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Ecmu yuects (4), To ypaBHeHue (§) MOXKHO MIPUBECTH K BHILY

o 10 1 7 10 1
( +

—— =+ kAt ————+kA) [ =0. )
0§ fos & o5* fog &
Ecnu npoBectu 3aMeny

x =A<,

TO TIPH YCIIOBUH, YTO A OTIIUIHO OT HYJIs, ypaBHeHHUE (9) mMpUMeT BHT

o0 10 1 o0 10 1 :
AL N S N S A T ) 1
(Oxz x0x x° lj(@xz xox x° ljf *) (

Jluneitno-He3aBuCUMBIC permreHUs ypaBHeHHs beccens (k=1) u MoOAM(pHUITMPOBAHHOTO YpaBHEHUS
Beccens (ki=—1) neproro poaa

o 10 1 .
B —— T N ACT | 12
(W L2l l]f @ 1)

natorcs ¢pynkuuamu beccens neiicrBurensHoro (I, Y, npu ki = 1) u MHUMOTO (I 1, Ky mpu k; = —1)
apryMeHToB [12].

(10)

82 1 (3 1 ~(i)
¥+;§_?+1 S ) =CL(x)+ Y (%),

JBa npyrux pemenns (11) npu onpeneneHHOM K; clleyeT ncKaTh Kak YaCTHBIC PEIICHUS YPaBHEHMH

(13)
o0 1o 1 =~ :
— ==~ 1{/7(x) = G, (x)+ C,K (x). (14)
ox~ XxO0x X
MCTO,Z[OM Bapualyu MMpoOU3BOJIbHBIX IMMOCTOAHHBIX [13] MOKHO IMOJIY4YUTh, YTO
SO =ClL + O+ (=1, [ xl Y+ Y, [ xIPdx) + Ci | =1, [ x¥Pdx + KIx]lexJ (15)
mpui=1,2.

100 =Gl + K, + Gyl [ xl Ky~ K, [ xi d) + C, {1‘1 [xiclax—K, | xilKldx] (16)
mpui=3,4.

1 R

Takum 00pazom, perieHue ypaBHeHHUs (9) MOXKeT ObITh 3aIICaHO B BHJIE

@=r" Gj = Civ* (),
B KOTOpOM

(17)
1 oL =L [xIYdx+ Y [ xlidx
4 4 X X
2 4 - x x (18)
4 4 2
Y, =L [xYPdx+, [ xlYdx
npui=1,2mu ) )
1 oL L[ Kde—K, [ xIidx
S k 5
{ : 4} = ) . (19)
4 4 2
K, I [xKlde—K, [ xI K dx
npui=3,4. ) )

— 4) ——
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Torma

4 4
= 2.Cio (An)v"* (%), (20)
k=1 i=1
rae ¢; (An ) — 6a3ucHble GpyHKINU
((01»?2»(03,?74):(6&” COSlﬂasmin) (21)

HpI/I OTOM IIPOJ0JIbHASA KOMIIOHCHTA IEPEMEIICHUA U3 3AITUChIBACTCA B BUAC

———Z > ik (2m)g* (» )+f1*(f7)+f§(%ja (22)

kl i=1

-An

T7e MoJ ¢(ﬂ77) oJpazyMeBaeTcsa NPOU3BOAHAS 3TOH (DYHKLIUH 11O 1.

Jns peanusanuy €JMHCTBEHHOCTU pEIICHUS 3aJIa4d C OJHOPOJHBIMU TPAHUYHBIMU YCIOBUSIMH Ha
topuax z=0, z=/ (n=0,n7=7,) HEOOXOIUMO HATOKUTb HA (PYHKIIHIO £ () ycnoBue

£ (m)=0. (23)
BTopyro npon3BoiibHy 0 (ZYHKIIHIO HHTETPUPOBAHUS f2 ( x) yI00HO OTBICKUBATH B BHIIE
1 4 4 ;
722 A8t ( (24)

rae A, — IOCTOSHHbIC YHCIIA, TIOUISKAIINE OIPEICICHHUIO.
[pu ycnosusx (23), (24) HpO,Z[OJ'IbHaSI KOMIIOHEHTA IIEPEMELIEHUS U3 3AIUCHIBAETCS B BUJIE
— 1
———ZZk [ Ci (m) - 4; | " (x) (25)
AT
B monydeHHbIe COOTHOLICHHSI BXOIAT HEH3BEeCTHble mHOCTOstHHBbIE C),, KOTOpBIE NOJKHBI OBITH

ompezeNeHbl U3 TPAaHUYHBIX YCIOBUH Ha OOKOBBIX IMOBEPXHOCTSAX IIMIIMHApA. | paHWYHBIE yCIOBHS Ha
TOpLAX MWIMH/PA O3BOJISIOT KOHKPETU3UPOBATh HEU3BECTHBIN MapaMeTp A.
[Ipu ycnoBusix (2) modydeHHbIE PEIICHUS TOJDKHBI YIOBIETBOPATH YCIOBUIM

2.2.Co(A*0)y* (x)=0, (26)

k=1 i=1

4 4
> 3 Cho;(An ¥ (x)=0,

k=li=1

4 4
AZZ&[C&@ A%0)- 4 " (x)=0, 27)

1 i=1

k=
1 4 4

—= > Yk [ci(an,)- 4l ()=

ﬂ’ k=1 i=l

Tak xak pyHKIUU W/ ( ) gk (x) k=1, 2, 3, 4) aBnArOTCS TUHEHHO HE3aBUCHMBIMH, a CUCTEMBI

ypaBHeHHit (26), (27) TOIKHBI yAOBIETBOPSITHCS B MPOU3BOIHHONM TOUKE X IO PAJUYCy TOPIIEBOIO cede-
HUS OWIMHIPA, TO JUIS BBIIOJHEHHS YKa3aHHBIX YCIOBHH HEOOXOAWMO M JIOCTAaTOYHO, YTOOBI K03(du-
LUEHTHl IPU KOKIOH M3 yKa3zaHHBIX (QYHKIMHA oOpamanuck B Hynb. Ecnu kpome ykazaHHOTo oOcTos-
TENbCTBA YIUTHIBATH, YTO QyHKIMK y' (x), g" (x) momapHo paBHbl pu 1 =1, 2 1 1 = 3, 4, TO MOXKHO

IMOJIY4YUThb CUCTEMBI ypaBHeHI/Iﬁ OTHOCHUTECIIBHO HEU3BCCTHBIX ITOCTOSTHHBIX C]lC
C,+C; =0,
Cle’" +Cle™™ =0, (28)
ACy —CP)— A} — A} =0.

AMCLe™ —Cle ™ y— 4l — 4% =0,
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k=1,2,3,4npui=1,2 u

C; =0,
C; cos An, +C; sin An, =0,
AC) -4 — A4} =0, (29)

— AC} sin An, = C} cos Any)— 47 — A} =0,
k=1,2,3,4npui=3, 4.
OpmHopoaHas cucTeMa ypaBHeHHH (28) UMeeT TOIBKO HYJIEBOE pEllIeHHe

C,=C; =4, =4 =0. (30)
Cucrema ypaBHeHu# (29) MOXeT UMETh HEHYJIEBOE PEIIEHUE, ECITH
sinAn, =0, 31
TO €CTh IPW 3HAYCHHUSX MapaMeTpa A, paBHBIX
A=2=2Z j=12, .. (32)
U
IIpu yka3aHHBIX YCIOBHSX MOCIEAHIE B YpaBHEHUS (29) COBIIANAIOT, €CIIH TOJIBKO
cos An; =1. (33)
Otkyna ciexyer, 94To 3HadeHus | B (30) MOJDKHEI OBITH TOJIBKO YeTHBIMHU. TakuMm o0pa3om,
/1=/1]=27;—7[,j=1,2,... (34)
1

3 4
Ecmu A BeIOpaHO u3 coorHomieHus (34), To, monaras NOCTOsHHbIE A;, A, PpaBHBIMH, MOXHO

MOIYy4YHUTh
,ﬁ:Afzéﬂﬁ. (35)

Takum 06pa30M, Ipu OAHOPOAHBIX B CMBICJIC MIECPEMCIICHUA YCIOBUAX HA TOpLUAX NUIMHAPA YaCTHOC
PEUICHUE TJI paaraIbHOTO NEPEMEIICHUA ITOJTYyYa€TCA B BUIC

4
u, = Z C; sin(ﬂin)l//" (x) (36)
k=1
OO1ee pernreHne HaIETCS KaK CYTepIIo3uIus perreHnii Buaa (36), To ecTb
w 4
u =y > Cly* (x)sin(/ljf]). (37)
=1 k=1

Ecnu paguanbpHas KOMIOHEHTa MepeMelieHus 1 onpeaensercs u3 (37), To npoosibHas KOMIIOHEHTa
MepeMENICHHS U3 B CIUTY (35) IpUHUMAET BUJT

o 4
=y > Cf(cos A, -1) g"* (x). (38)
j=1 k=1
KommoneHTsI ):[C(l)OpMaL[I/II/I n HaHpﬂ)KCHI/H\/II OIPEACTAOTCA
dy*
dx
£
r o 4 ) l//k
g, :ZZC;& — [sinA7, (39)
. =1 k=1 X
z _gk

— 4) ——
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rmae
C,/ = 2[C,{ +(1=v)Cl, (07 +6,7 )], (40)
Sk
G| L. |
G, |=X.2Cl4,| S} |sin(A7), @1)
o, j=1 k=1 s ’1;
s} 4 " . .
O¢y = ZZ[C,(" (/1/ Cos(ﬂjﬂ)_l)jL Ci ]‘/’ -
j=1 k=1
O'ij — cuMBodl Kponekepa. IlocTpoeHHOe pelieHre A UMIMHAPAa KOHEYHOM JUIMHBI MPEIOoJIaracer,

YTO Ha Hapy)XHOW paIualbHON IOBEPXHOCTH B KadeCTBE TI'PAHWYHBIX YCIOBHH HCHONB3YIOTCS
nepemenieHus (cM. ycnosue (1). DTuMu nepeMemieHusiMA MOTYT OBITh TepeMeIeHHs IPyroro MUIHHApA,
OKpYy aroIllero ucciaeayemslii muiuHAp. [lo3TOMy moJlydeHHBIE pELIEHHs MO>KHO HCIIONIb30BaTh B
KOHTEKCTE C U3YUCHUEM MOBEICHUS IPYTUX CIOEB CIOMCTOrO MINHIPA.
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A. E. bexaes
KOIT KABATTHI HMJIMHAPIIH BIP ECEBI TYPAJIBI

OcecuMMETPHSIIBIK KYH/Ie OpHAIACKAH IEKTi Y3bIHBIKTHI IUITHH/P KapaCThIphUIFaH. byl Makanana ke Kabar-
THI HWIMHAPAIH KepHEY KYHiHIH aHATMTHKAIBIK [IETiMi aJbIHFaH.

A. E. Bekayev
ABOUT ONE PROBLEM OF THE MULTILAYERED CYLINDER
A cylinder of finite length in axial symmetric tension is considered. Analytical solution of the problem about

intensity of the cylinder is received; this solution can be used when solving the problem about deformation tension of
multilayered cylindrical body.
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A C. [DKYMAFAEB, E. FOJIFTAHUCOB

O/THO3HAYHAS PASPEIIUMOCTH KPAEBOM 3AJIAYH
JJIAA CUCTEM JTNOPEPEHIIUAJIBHBIX YPABHEHUH
C TAPAMETPAMM ITPH UMITYJIBCHBIX BO3JIEUCTBUAX

Wuctutyt matemaruku MOH PK, r. Anmatsl,
koyutek mpu Ka3axckoM yHUBEpCUTETE IyTEH COOOIICHHUS, T. ATMATHI

Iocmpoen aneopumm HaxoxicOeHUs: peulenus JTUHeHoU 08yXmoyeyHol Kpaegol 3adayu 01 cucmem oudge-
DPEHYUATLHBIX YPABHEHUL ¢ NAPaAMEempamu npu UMRYIbCHBIX 6030elcmeusx. Ycmanogienvl yCaosus cxooumMocmu
aneopumma u Kpumeputl 00HO3HAYHOU PA3PEUUMOCTIU PACCMAMPUBAEMOT 3a0aUU.

Cucrembl OOBIKHOBEHHBIX IH((epeHInaIbHBIX ypaBHEHUH C UMITYJIBCHBIMH BO3JICHCTBHSIMH YacTO
BCTpEYaroTCsl B 3a[auax npwiokeHus. [Ipu atom, kak npasuio, nquddepeHiuanbHble YpaBHEHHS COaep-
JKaT HEM3BECTHBIE NTapaMeTPhl, XapaKTEpPHU3YIOLIUE ONPEeIEHHbIE CBOWCTBA, OITUCBIBAEMOTO MpOLEcca.

B pabote paccmarpmBaeTcs NTHHEHHas ABYyXTO4YEYHAs KpaeBas 3afjada C IMapaMeTpoM I CHCTEM
OOBIKHOBEHHBIX auepeHInaIbHbBIX ypaBHEHUH, PEIIEHUS KOTOPhIX B (UKCHPOBAHHBIE MOMEHTHI
MOABEP>KEHBI UMITYJILCHBIM BO3ICUCTBUSIM:

dx

— = AOx+BOw+ 1), t[0,7]\{6,.6,,....6,}, (1)
0=0,<6<0,<..<0,<6,,, =T, x,ucR",

x(0)=x", x(T)=x", (2)

Bx(6,—0)—Cx(6.+0)=p., p.eR", i=1,m, 3)

rae A(t), B(¢), f(t) nenpepoieHbl Ha [0,7],

2

= max|s,
i=l,n

[4(0)] = max [, o)

Pemennem 3anaun (1)—(3) asnserca mapa (1, x (¢)). 3amauy (1)—(3) MOKHO TakKe paccMaTpUBAThL

Kak 3a7iauy yIpaBJIeHUs sl CUCTEMBbI U PepeHIINANbHBIX YPAaBHEHUH C UMITYJIbCHBIMH BO3JCHCTBHSMHU.
Kpaesas 3amaua ¢ mapamerpom (1), (2) mpu OTCYTCTBHUHM UMILYJBCHBIX BO3AEUCTBUI Pa3IMYHBIMHU
METO/IaMH UCCIIETOBAaHBI MHOTUMH aBTOpaMu [1-6].
Henbto HacTosimieid pa®oThI SBIsiETCS HaXoXIeHHWE KOA(D(GUIMEHTHBIX MPU3HAKOB OIHO3ZHAYHOMN
paspermmmocty 3ana4u (1)—(3) u mocTpoeHue alIropuTMOB HaxoxaeHus ee pemeHus. C 3TOH Henblo K
3agaue (1)—(3) npumensieTcst MeTo1 mapameTpusanuu [7].

Wurepsan {0,7) pazodbeM Ha 9aCTH C TOUYKAMH, TJE€ PEIICHUS TOIBEPTAIOTCI UMITYJIHCHBIM BO3JICHCT-
m+1

BHSIM: [O,T ) = U[HH,Q, ) Cyxenne BekTOp-QyHKIMU Xx(f) Ha 7-bIii WHTEPBA [HH,H,,) 00603HaYNM

r=1

uepes X, (f), T.e. X, (1) =x(¢), te [Qr_l ,0, ), r =1,m+1. BBenem 10N0OMHUTENBHBIEC TAPAMETPBI A, = L,

A =x,0), ..., 4,,=x,,(0,) 1 Ha KaXIOM HHTCpBaJIC [Hr_l,ﬁr) [POM3BOIUM 3aMeHy (QYHKIHH:
ul(t)le(t)—xo, te[@o,é’l), uy (1) = x,(t)— 4,, te[@l,é’z), v Uy ()=, (O = 4,05
te [9m=9m+1)~
Torna ucxomnast 3aga4a (1)—(3) meperaeT K IKBUBAJICHTHOHM KpaeBo 3a1a4ue ¢ mapaMeTpamMu
% = A(Hu, + AX" + BOA + f(t), te [90,91), 4)
u,(0)=0, (5)

— 44 ——
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du

5~ AD+A)+BOA+ 1), tel6.,.6,), (6)
u (0 )= 0 s=2,m+1, (7)

A+ hm U () =x', (8)

B, [xo +tli£n0u1(t)}_clﬂz =P €]
[ﬂ, + hm u (t)] A =D, S=2,m. (10)

Ilycts cucrema map ( L (t)), r=L,m+1 — pemenue zamaun (4)~(10). Dynxmuio x (¢)

ompenennv  pasenctsamu:  x (1) =u; () +x", 1€[6,,6), X @O)=u ()+A], t€[6_.6,),

s=2,m+1, x’(T)=1,, + hm umH(t). Toraa napa (,u*, x*(t)), e p° =A,\ Oyner pemenuem

HCXOJTHOM KpaeBo 3a/1auu (1) (3).
31ech BBEJICHHE JIOTIOJIHUTEIILHBIX TAPaMETPOB U 3aMeHa (PYHKIIMH Ha KaXKJIO0M UHTEPBAJIC [TO3BOJIMIH
MTOJIYIUTh HadainbHBIC JaHHbIE (5), (7).

Ipu ¢uKcHpoBaHHBIX 3Ha4YeHUsAX mapametpoB A, 7 =1,m+1 3amaun Koum (4)—(7) 5KBHBaJICHTHBI
WUHTETPATLHBIM YPaBHEHHSIM

u,(t)= jA(r)ul(r)dr+jA(r)d7 x’ +j-B(T)dT-ﬂ1 +jf(r)dr, te [O, 6’1), (11)

u (1) = j A(r)u,(t)dr + j A(r)dr A, + j B(r)dr A, + j f()dr, tel6,,,6,), s=2,m+1, (12)

HOI[CTaBI/IB BMECTO ur(r) COOTBETCTBYIOIIYIO TPaBYI HYacTh M TOBTOPUB AITOT Mporecc V pa3

IOJTyYUM Cleyrolre npeacrasneHus byakuna u, (¢), r=1,m+1:
u () =G, (u,0)+B,,()- 4+ f,,(0), t[0,6,), (13)
u (=G, u,0)+B, ()4 +A4 (A +[ (), t€[0..6,), s=2,m+], (14)

TIE

B, ()= j B(z,)dr, + j A(r) j B(r,)dr,dr, +...+
0,4

= O

n j A(T)... j Az, j B(z )z dz, ..dz,, r=1m+],

a,.()= j A(r)dz, +...+ j A(T).. jA(rv l)j A(r,)dr, dz, ,..dt,, s=2,m+],

grfl

fu)= j [AG)x" + f(z) |dz, + j A(a)f [ A@)x" + f(z,) |dr,dz, +..+

+ j Az)... j Az, ) j [ A(z)x" + f(z,) e, dr, ,...dT,,
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IO j f(z)dr, + j A(q)] f(rydr,dr, + ..+

+ j A(TI)...T]2 A(TV_I)T]‘l f(z )t dz, ..dr,
Oy O Oy

t Ty-1
G, (ut)= j A7)... j At (z,)dr,dz, ,..dT,, r=1,m+1.
0,

o

U3 (13), (14) onpenenum limoum 40, lignouq(t), s:L_m. [ToxcTaBUM MM COOTBETCTBYIOIINE
t—>T— t—>6,-0 °

BEIp2XECHHS B KpaeBoe ycioBue (8) 1 yCIIoBus UMIYIBCHBIX Bo3aeticTBuil (9), (10). Torma oTHOCHTENBHO
napametpos A, A,,...,A ., MOIy4nUM CHCTEMY JHHEHHbBIX ypaBHEHUIH

0,(0)A=~F,(0)~G,(u,0), AeR""" (15)
¢ n(m+1)xn(m+1) marpureit
B,,.0,.) 0 0 ... 0 0 [+4,,.,0,.)
Blgv,l(el) -C, 0 ... 0 0 0
0,00)= Bzgv,z 0,) B, |:1+Zv,2 (92)] -C, ... 0 0 0
B,B,,(6,) 0 o .. 0 Bl+d,0) -c

Y MPaBOX YacCThIO
F0)=(=x"+ 1,10, BJ1(6), B.J,2(6,), - B, ,(6,)),
Gv(u’g):(Gv,erl(u’HmH)’ BIGV,I(u’Hl)’ BZGV,Z(u’02)7 T B Gv,m(u’em )

m
Cucremy mnap ( A,u, (t)) , r=1,m+1 — pemenne kpaeBoii 3amauu ¢ mapamerpamu (4)—(10)
OIIPENENIUM C IIOMOLIBIO CIIEAYIOLIEr0 alrOpUTMA:

0-mar. a) ITpexnonaras, uro matpuua Q,(0): R""™ — R""™ ofpartuma, nauansuoe mpuéimenue

no mapamerpy — A" :(21(0),/12(0), 1(0)) HalJeM Kak pelIeHHE CHCTEM JIMHEMHBIX YpaBHEHHI

s Mgt

0,()A=-F,(0), AeR""" . 6) llpn naiinennsix 3nauenusx napamerpos A = A", r=1m+1

peuras 3anauu Kourn (4)—(7) onpenenum cucremy ysxumit 1" (¢), r =1,m+1.

1-mar. a) IlogcraBus uﬁo)(t) B mpaByio dacth (15) cimemyromee mpHOIIHKCHHE II0 TIapaMeTpy —
A0 = (11(1),/12(1),...,2,,911) HaiiieM u3 cucteM muHeitnbix ypasuennii Q, (A =-F (8)-G, u'*,0),
A€ R""V | 6) Pemas 3anaun Komm (4)~(7) npu A, = A", r= Lm+1 OmpeeauM CUCTEMY (DYHKIMMA
u(t), r= m

[Ipomomxas sTOoT mpomecc Ha k-OM IHare aaropuTMa HaiiieM cHCTeMy map (ﬂ,(k),ufk)(t)),

r=1L,m+1.

O6parumocts Matpuusl (O, (6) npu BeibpanHoM V € N ofecnednBaeT OCYIIECTBUMOCTb Mpe/ia-
raeMoro ajiroput™a. JlocTaTouHbIE YCIOBHS CXOAUMOCTH aITOPUTMA YCTAHABIMBAET

Teopema 1. Ecau npu mexomopom veN mampuya Q,(0):R""™D — R""™V  o6pamuma u
BbINONHACMCS HEPABCHCMEO

— 4 ——
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q,(0)= H[QV (6’)]_1 H max (l, max ||BS ||) X

a(f. — Y (16)
0.-0
X max e“(gf‘grfl)_1_05(9"_9’__1)_,“_M <1

s
r=1,m+1 1% '

20e @ = E&’%”AU)”'

To20a nocredosamenvbHOCMb CUCmem nap (/L(k),uik)(t)), r=1m+1, k=0,1,2,..., onpedersiemas

* * %
ANeOPUMMOM CXOOUMCS K cucmeme nap (/1, U, (l‘)), r=1,m+1 — eouncmeennomy pewenuro kpaegoii

3adauu ¢ napamempamu (4)—(10).
Omnpenenenue. Kpaegas 3adaua ¢ napamempom (1) — (3) nazvieaemcss 00HO3HAYHO paA3PEUUMOlL, ecu

onst mobou nenpepwisnon na [0,T] ¢yuxyuii [ (t), nobdwix x’, x', p;, i=1Lm, ona umeem eouncm-
8eHHOe peuleHue ( u,x (t))

Tak xak 3amada (1)—(3) m (4)—(10) oSKBHUBaNeHTHBI, TO YCJOBHE TeopeMbl | oOecmeunBaeT
OJTHO3HAYHYIO Pa3perInMOCTh HCXOTHOM KpaeBoi 3amaun ¢ mapamerpom (1)—(3).

Crenyromiee yTBEPXKICHHE YCTaHABIMBAaeT HEOOXOAMMBIE W JOCTATOYHBIE YCIOBHS OIHO3HAYHOMN
paspermmmocTa 3agayun (1)—(3).

Teopema 2. 3adaua (1)—(3) oonosnauno paspewuma moaoa u moivko mozoa, ko2oa natidemes v € N

maxoe, umo mampuya Q,(0): R"™" — R""™" o6pamuma u evinonnsemes nepasencmeo (16).
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. C. XKymabaes, E. boneanvicos

[TAPAMETPJIEPI BAP IU®®EPEHLIMAJI/IBIK TEHJIEYJIEP )XYMECI YILIH
INETTIK ECENTIH UMITYJIbCTIK ©CEPJIEPI BOJIFAHJATBI BIPMOH/I INEMTIJIIM AT

[Tapametprepi 6ap muddepeHMaNABIK TeHISYIep XKYHecl YIIH MEeTTIK €CeNTiH HMITYIBCTIK acepiepi 0o-
FaHJAFbl IENIMIH TaOyIblH AJTOPUTMI KYPBUIFaH. AJNTOPHTMHIH KHHAKTBUIBIFEI IIAPTTAphl MEH KapacThIPBUIBIIT
OTBIPFaH €CeNTiH OIPMOH/I MEeMIUTIMALTITHIH KPUTEPHI TaFalbIHIAJIFaH.

D. S. Dzhumabaev, E. Bolganisov

UNIQUE SOLVABILITY OF THE BOUNDARY VALUE PROBLEM FOR THE SYSTEM
OF DIFFERENTIAL EQUATIONS WITH PARAMETERS UNDER IMPULSE EFFECTS

The algorithm of finding a solution of linear two point boundary value problem for the system of differential
equations with parameters under impulse effects is constructed. The conditions of converge for the algorithm and
criterion of unique solvability for considering problem are established.
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